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Abstract. In this paper we construct an explicit geometric model for the 
group of gerbes over an orbifold X. We show how from its curvature we can 
obtain its characteristic class in H 3 (X) via Chern-Weil theory. For an arbitrary 
gerbe C, a twisting £ K or ^(X) of the orbifold -theor y of X is constructed, and 
shown to generalize previous twisting by Rosenberg [E8[ , Witten [ Ba | , Atiyah- 
Segal g| and Bowknegt et. al. in the smooth case and by Adem-Ruan [ JJ 
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1. Introduction 

An orbifold is a very natural generalization of a manifold. Locally it looks like 
the quotient of an open set of a vector space divided by the action of a group, in 
such a way that the stabilizer of the action at every point is a finite group. Many 
moduli spaces, for example, appear with canonical orbifold structures. 

Recently Chen and Ruan [|| motivated by their ideas in quantum cohomology 
and by orbifold string theory models discovered a remarkable cohomology theory 
of orbifolds that they have coined orbifold cohomology. Adem and Ruan 0] went 
on to define the corresponding orbifold K-theory and to study the resulting Chern 
isomorphism. One of the remarkable properties of the theory is that both theories 
can be twisted by what Ruan has called an inner local system coming from a third 
group-cohomology class called discrete torsion. 

Independently of that, Witten |35|, while studying if-theory as the natural re- 
cipient of the charge of a D-brane in type IIA superstring theories was motivated 
to define a twisting of K(M) for M smooth by a third cohomology class in H 3 (M) 
coming from a codimension 3-cycle in M and Poincare duality. This twisting ap- 
peared previously in the literature in different forms 1 1 , [l4| |~~ 



In this paper we show that if an orbifold is interpreted as a stack then we 
can define a twisting of the natural if -theory of the stack that generalizes both, 
Witten's and Adem-Ruan's twistings. We also show how we can interpret the 
theory of bundle gerbes over a smooth manifold and their if-theory |2^, ^6|, [I] in 
terms of the theory developed here. 

Since the approach to the theory of stacks that we will follow is not yet published 
|||, we try very hard to work in very concrete terms and so our study includes a 
very simple definition of a gerbe over a stack motivated by that of Chaterjee and 
Hitchin |l5j on a smooth manifold. This definition is easy to understand from the 
point of view of differential geometry, and of algebraic geometry. 

Using results of Segal |3l], |3j| on the topology of classifying spaces of categories 
and of Crainic, Moerdijk and Pronk on sheaf cohomology over orbifolds [|l0| ^3| 
PH pl[ we show that the usual theory for the characteristic class of a gerbe over a 
smooth manifold || extends to the orbifold case. Then we explain how Witten's 
arguments relating the charge of a D-brane generalize. 

A lot of what we will show is valid for foliation groupoids and also for a category 
of Artin stacks - roughly speaking spaces that are like orbifolds except that we allow 
the stabilizers of the local actions to be Lie groups. In particular we will explain 
how the twisting proposed here can be used to realize the Freed-Hopkins-Teleman 
twisting used in their topological interpretation of the Verlinde algebra Jl2) . 

We would like to use this opportunity to thank Alejandro Adem, Marius Crainic, 
Bill Dwyer, Paulo Lima-Filho, Bill Fulton, Mike Hopkins, Shengda Hu, Haynes 
Miller, Ieke Moerdijk, Mainak Poddar, Joel Robbin and Yong-Bin Ruan for very 
helpful discussions regarding this work that grew out of seminars at Michigan by 
Fulton, and at Wisconsin by Adem and Ruan. We would also thank letters by 
Jouko Mickelsson, Michael Murray, Eric Sharpe, Zoran Skoda and very specially 
Ieke Moerdijk and Alan Weinstein regarding the preliminary version of this paper. 
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2. A REVIEW OF ORBIFOLDS 

In this section we will review the classical construction of the category of orb- 
ifolds. This category of orbifolds is essentially that introduced by Satake Q under 
the name of V-manifolds, but with a fundamental difference introduced by Chen 
and Ruan. They have restricted the morphisms of the category from orbifold maps 
to good maps, in fact Moerdijk and Pronk have found this category previously 
|23[ where good maps go by the name of strict maps. This is the correct class of 
morphisms from the point of view of stack theory as we will see later. 

2.1. Orbifolds, good maps and orbibundles. Following Ruan |2{| || we will 
use the following definition for an orbifold. 

Definition 2.1.1. An n-dimensional uniformizing system for a connected topolog- 
ical space U is a triple (V, G, n) where 

• V is a connected n-dimensional smooth manifold 

• G is a finite group acting on V smoothly (G°° automorphisms) 

• 7r : V — ► U is a continuous map inducing a homeomorphism n : V/G — > U 

Two uniformizing systems, (Vi,G,i7Ti) and (V2,G 2 ,7r 2 ) are isomorphic if there 
exists a pair of functions (4>, A) such that: 

• (j> : Vi — > V2 a diffeomorphism 

• A : Gi — ► G2 an isomorphism 

with <fi being A-equivariant and 7r 2 4> — . 

Let i : U' <—* U a connected open subset of U and (V', G',n') a uniformizing 
system of t/'. 

Definition 2.1.2. (V',G',ir r ) is induced from (V, G, tt) if there exist: 

• a monomorphism A : G' — > G inducing an isomorphism A : /cer G' ^ fcer G, 
where /cer G' and ker G are the subgroups of G' and G respectively that act 
trivially on V' and V, and 

• a A-equivariant open embedding <fi : V' — > V 

with i o 7r' = 7r o 0. We call (<^, A) : (V, G', 71 7 ) — * (V, G, 7r) an injection. 

Two injections Aj) : (V( , G[, n'j) — > (V, G, 7r), i = 1, 2, are isomorphic if there 
exist: 

• an isomorphism (V>,t) : (V^', G' l5 7r() — > (V^' , G 2 , 7r 2 ) and 

• an automorphism (^,f) : (F, G,7r) — > (V, G, 7r) 
such that (V>, f ) o (0!, Ai) = (^ 2 , A 2 ) o (i/),t) 

Remark 2.1.3. Since for a given uniformizing system (V,G,tt) of U, and any con- 
nected open set V of U, (V, G, n) induces a unique isomorphism class of uniformiz- 
ing systems of U' we can define the germ of a uniformizing system localized at a 
point. 

Let U be a connected and locally connected topological space, p £ U a point, 
and (Vi, Gi,7Ti) and (V2, G 2 , 7r 2 ) uniformizing systems of the neighborhoods U± and 
U2 of p respectively, then 

Definition 2.1.4. (Vi,Gi,7ri) and (V2,G 2 ,7r 2 ) are equivalent at p if they induce 
uniformizing systems for a neighborhood U3 C U± fl C/2 of P 
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The germ of (V, G, 7r) at p is defined as the set of uniformizing systems of neigh- 
borhoods of p which are equivalent at p with (V, G, 7r). 

Definition 2.1.5. Let X be a Hausdorff, second countable topological space. An 
n-dimensional orbifold structure on X is a set {{V p , G p , ir p )\p G X} such that 

• (V p , G p , TT P ) is a uniformizing system of U p , neighborhood of p in X 

• for any point q G U p , (Vp,Gp,ir p ) and (V q ,G q ,ir q ) are equivalent at q 

We say that two orbifold structures on X, {(V p , G p , TTp)} p& x and {(Vp, G' p , Tr' p )} pG x, 
are equivalent if for any q G X (V q , G q , ir q ) and (V q , G' q , 71^) are equivalent at q. 

Definition 2.1.6. With a given orbifold structure, X is called an orbifold. 

Sometimes we will simply denote by X the pair (X, {(V p , G p , 7Tp)}p£x)' When 
we want to make the distinction between the underlying topological space X and 
the orbifold (X,{(V P , G p , 7r p )} pe x) we will write X for the latter. 

For any p G X let (V, G, 7r) be a uniformizing of a neighborhood around p and 
p G tt^ 1 (x). Let Gp be the stabilizer of G at p. Up to conjugation the group G p is 
independent of the choice of p and is called the isotropy group or local group at p. 

Definition 2.1.7. An orbifold X is called reduced if the isotropy g roups Gp act 
effectively for all p G X. 

In particular thi s imp lies that an orbifold is reduced if and only if the groups 
ker G of definition 2.1.2| are all trivial. 

Example 2.1.8. Let X = Y/G be the orbifold which is the global quotient of the 
finite group G acting on a connected space Y via automorphisms. Then {(X, G, 7r)} 
is trivially an orbifold structure for X. We can also define another equivalent 
orbifold structure in the following way: for p G X, let U p C X be a sufficiently 
small neighborhood of p such that 

k-\u p ) = \Jv« 

a 

the disjoint union of neighborhoods Vp , where G acts as permutations on the 
connected components of w (U p ). 

Let Vp be one of these connected components, and let G v be the subgroup of G 
which fixes this component V p (we could have taken U p so that G p is the isotropy 

group of the point y G ir^ 1 (p) n V p ) and take tt p — ir\v v , then V p /G p ^> U p and 
(V p , G p , TTp) is a uniformizing system for U p . This is a direct application of the 
previous remark. 

Now we can define the notion of an orbifold vector bundle or orbibundle of rank 
k. Given a uniformized topological space U and a topological space E with a 
surjective continuous map pr : E — >■ U , a uniformizing system of a rank k vector 
bundle E over U is given by the following information: 

• A uniformizing system (V, G, n) of U 

• A uniformizing system (V x R fc ,G,tt) for E such that the action of G on V x R fc 
is an extension of the action of G on V given by g(x, v) = (gx, p(x, g)v) where 
p : V x G ^ Aut(R k ) is a smooth map which satisfies 

p(gx, v) o p(x, g) = p(x, hog), g,heG,x eV 

• The natural projection map pr : V x R fc — > V satisfies n o pr — pr o n. 
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In the same way the orbifolds were defined, once we have the uniformizing sys- 
tems of rank k we can define the germ of orbibundle structures. 

Definition 2.1.9. The topological space E provided with a given germ of vector 
bundle structures over the orbifold structure of A, is an orbibundle over A. 

Let's consider now orbifolds X and X' and a continuous map / : X — > X'. A 
lifting of / is the following: for any point pel there are charts (V p , G p , ir p ) at p 
and {Vf(p),Gf {p) ,i: f[p) ) at f(p), and a lifting f p of f np (y p ) ■ ^ P (V P ) -> ^ f{p) (V f ( p) ) 
such that for any q £ tt p (V p ), f q and f p define the same germ of liftings of / at q. 

Definition 2.1.10. A G°° map between orbifolds X and X' (orbifold-map) is a 
germ of C°° liftings of a continuous map between X and X'. 

We would like to be able to pull-back bundles using maps between orbifolds, 
but it turns out that with general orbifold-maps they cannot be defined. We need 
to restrict ourselves to a more specific kind of maps between orbifolds, they were 
named good maps by Chen and Ruan (see 0). These good maps will precisely 
matc h the definition of a morphism in the category of groupoids (see Proposition 

Let / : X — > X' be a G°° orbifold-map whose underlying continuous function is 
/. Suppose there is a compatible cover U of X and a collection of open subsets W 
of X' defining the same germs, such that there is a 1 — 1 correspondence between 
elements of U and U', say U <-> V, with f(U) C V and U\ C U 2 implies U[ C U' 2 . 
Moreover, there is a collection of local G°° liftings of / where fuu' ■ (V, G, tt) — > 
(V , G', 7T, ) satisfies that for each injection (i, 0) : (Vi, Gi,7i"i) — > (V2, G2, 7r 2 ) there 
is another injection associated to it (^(i),^(0)) : (V{, G[, 7rJ) — > (V^jG^,^) with 
fuiU[°i = fu 2 u^ and for any composition of injections joi, v{joi) = v{j)ov{i) 
should hold. 

The collection of maps {fuv, v} defines a G°° lifting of /. If it is in the same 
germ as / it is called a compatible system of /. 

Definition 2.1.11. A G°° map is called good if it admits a compatible system. 

Lemma 2.1.12. (29[ Lemma 2.3.2] Let pr : E — > X be and orbifold vector bundle 
over X' . For any compatible system £ = {fuv > v } °f a good C°° map f : X — > X' , 
there is a canonically constructed pull-back bundle of E via f (a bundle pr : E^ — > X 
together with a G°° map f^'.E^—tE covering f .) 

2.2. Orbifold Cohomology. Motivated by index theory and by string theory 
Chen and Ruan have defined a remarkable cohomology theory for orbifolds. One 
must point out that while as a group it had appeared before in the literature in 
several forms, its product is completely new and has very beautiful properties. 
For X an orbifold, and p a point in U p C X with (V p , G p , ir p ), ir(V p ) = U p a local 

chart around it, the multi-sector SfeA is defined as the set of pairs (p, (g)), where 
(g) stands for the conjugacy class of g = (gi, . . . , <j%) in G p . 

For the point (p, (g)) £ E^A" the multisector can be seen locally as 

v p e /c(s) 

where Vf = fl^n^fl V»" and G(g)) = G( 5l ) n G(.g 2 ) n • ■ ■ H C(g k ). V£ 
stands for the fixed-point set of g £ G p in V p , and C(g) for the centralizer of g in 
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Its connected components are described in the following way. For q € J7 P , up 
to conjugation, there is a injective homomorphism G q — > G p , so for g in G q the 
conjugacy class (g)G p is well defined. In this way we can define an equivalence 
relation (g)c — (s)g p an d we call Tf. the set of such equivalence classes. We 
will abuse of notation and will write (g) to denote the equivalence class at which 
(s)g p belongs to. Let T° C Tk be the set of equivalence classes (g) such that 
9i92^gk = 1. 

EfcX is decomposed as |J(g)eT fc -^(g) where 

X ig) = {(p, (g') Gp )|g' eGpfe (s')g p e (g)} 

for g ^ 1 is called a twisted sector and X^ the non-twisted one. 

Example 2.2.1. Let's consider the global quotient X = Y/G, G a finite group. 
Then = Y 9 /C(g) where Y 9 is the fixed-point set of g S G and G(g) is its 
centralizer, hence 

{(s)lseG} 

Let's consider the natural maps between multi-sectors; the evaluation maps 
e^,...,*, : £ fc A -> S/Jf defined by e ilt ... til (x, {gi,... >-> (x, (g^,. ■ .,&,)) and 

the involutions I : EfcA — > EfcA defined by 7(x, (g)) i— > (x, (g -1 )) where g 1 = 

(sr 1 ,...,^ 1 ). 

An important concept in the theory is that of an inner local system as defined 
by Y. Ruan |H . We will show below that inner local systems are precisely modeled 
by gerbes over the orbifold. 

Definition 2.2.2. Let X be an orbifold. An inner local system C = {-k(g)}(g)eTi is 
an assignment of a flat complex line orbibundlc L/ g \ — > Xi g \ to each twisted sector 
X/ g -\ satisfying the compatibility conditions: 

1. = 1 is trivial. 

2. I*L {g -i) = L [g) 

3. Over each X( g ) with (g) g T% (gi32ff3 = 1), 

e*i(fli) ®e* 2 L (g 2 ) ® e l L (g 3 ) = 1 

One way to introduce inner local systems is by discrete torsion. Let Y be the 
universal orbifold cover of the orbifold Z, and let ir° rb (Z) be the group of deck 
transformations (see Q). 

For X = Z/G, Y is an orbifold universal cover of X and we have the following 
short exact sequence: 

1 — ► jri(Z) — -» < r6 (A) — ► G — ► 1 

We call an element in iJ 2 (7r° r ''(A), U(l)) a discrete torsion of X. Using the pre- 
vious short exact sequence H 2 (G, U(l)) — ► H 2 (ir° rb (X), U(l)), therefore elements 
a e H 2 (G, U(l)) induce discrete torsions. 

We can see a : G x G — * U(l) as a two-cocycle satisfying a\. g — a g .i — 1 and 
&g,hk&h,k — ctg,hCt g h,k for any g 7 h,k 6 G. We can define its phase as 'j(ot)g t t l :— 
a g,h a hg which induces a representation of C(g) 

L a g := 7 (a) ff) . : G(g) -> U(l) 
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Example 2.2.3. In the case that Y —> X is the orbifold universal cover and G is 
the orbifold fundamental group such that X = Y/G, we can construct a complex 
line bundle L g ~Y 9 Xl^C over X( g y We get that L tgt -i is naturally isomorphic to 
L g so we can denote the latter one by L( g y and restricting to ^( gi ,..., gk ), L( gi ,.... gk ) = 
L( gi ) ■ ■ ■ L( gk y : then C = {£( 9 )}( s )eTi is an inner local system for X 

To define the orbifold cohomology group we need to add a shifting to the coho- 
mology of the twisted sectors, and for that we are going to assume that the orbifold 
X is almost complex with complex structure J; recall that J will be a smooth 
section of End(TX) such that J 2 = —Id. 

For pel the almost complex structure gives rise to an effective representation 
p p : G p — > GL„(C) (n = dimcX) that could be diagonalized as 

diag I e m <> , . . . , e m » I 

where m g is the order of g in G p and < rrij. g < m g . We define a function 
i : EX -» Q by 

It is easy to see that it is locally constant, hence we call it L( g y, it is an integer if 
and only if p p (g) G SL„(C) and 

Kg) + Hg- 1 ) = rank(p p (g) - I) 
which is the complex codimension dimcX — dirricX( g y Li g \ is called the degree 
shifting number. 

Definition 2.2.4. Let C be an inner local system, the orbifold cohomology groups 
are defined as 

H d orb {X;C)= H d -^ {X{g yC (g) ) 
If C = C a for some discrete torsion a we define 

H orb,u( X ' C ) = H* rb (X,C a ) 

Example 2.2.5. For the global quotient X = Y/G and a e H 2 (G, U(l)), L a g 
induces a twisted action of C(g) on the cohomology of the fixed point set H* (Y 9 , C) 
by (3 >-> Lg*(h)h*f3 for h € C*( 5 ). Let i?*(ys , C) c °(f) be the invariant subspace 
under this twisted action. Then 

H d orb jX-C)= H d-2 H9){Yg . c) c-{ g ) 

2.3. Orbifold K -theory. In this section we will briefly describe a construction by 
Adcm and Ruan of the so-called twisted orbifold if -theory. The following construc- 
tion will generate a twisting of the orbifold -ftT-theory by certain class in a group 
cohomology group. We will recover this twisting later, as a particular case of a 
twisting of if -theory on a groupoid by an arbitrary gerbe. 

The following constructions are based on projective representations. A function 
p : G — > GL(V), for V a finite dimensional complex vector space, is a projective 
representation of G if there exists a function a:GxG^C such that p(x)p(y) = 
a(x, y)p(xy). Such a defines a two-cocycle on G, and p is said to be a-representation 
on the space V. We can take sum of any two a-representations, hence we can define 
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the Grothcndieck group, R a (G) associated to the monoid of linear isomorphism 
classes of such a-representations. 

Let's assume that T is a semi-direct product of a compact Lie group H and a 
discrete group G. Let a G H 2 (G 7 U(l)) so we have a group extension 

1^U(1)^G^G^1 

and L is the semi-direct product of H and G. 

Suppose that L acts on a smooth manifold X such that X/T is compact and the 
action has only finite isotropy, then Y = X/T is an orbifold. 

Definition 2.3.1. An a twisted T-vector bundle on X is a complex vector bundle 
E — > X such that U(l) acts on the fibers through complex multiplication extending 
the action of T in X by an action of T in E. 

We define a Kr(X) the a-twisted T-equivariant if -theory of X as the Grothendieck 
group of isomorphism classes of a twisted L-bundles over X. 

For an a-twisted bundle E — > X and a /3-twisted bundle F — » X consider the 
tensor product bundle E ® -F — > X, it becomes an a + /3-twisted bundle. So we 
have a product 

Q X r (X) ® "ifrC-X") -► a+p K T (X) 
And so we call the total twisted equivariant K-theory of aT space as: 

TK r (X) = a K r (X) 

a£H2(G,U(l)) 

When F is a finite group, there is the following decomposition theorem, 

Theorem 2.3.2. [^9], Th. 4.2.6] Let T be a finite group that acts on X, then for 
any ae H 2 {G,\J{1)) 

a K£(X)®C = H* orbia (X/T;C) 
The decomposition is as follows: 

(x) ® c = 0(W) ® ^) c(9) = c) c °(f) - ff * rb>a (x/r ; C) 

(9) (9) 

Definition 2.3.3. In the case that Y — > X is the orbifold universal cover and a S 
i/ 2 (7r° rb (X), U(l)), the a twisted orbifold X-theory, a K orb (X), is the Grothendieck 
group of isomorphism classes of a- twisted 7rJ rf '(X)-orbifold bundles over Y and the 
total orbifold if-theory is: 

TK orb (X) = a K orb (X) 

2.4. Twisted If -theory on smooth manifolds. In |3^] Witten shows that the 
D-brane charge for Type IIB superstring theories (in the case of 9-branes) should 
lie on a twisted if-theory group that he denotes as K[m (X) where a 3-form H E 
f2 3 (X;R) models the Neveu-Schwarz i?-field and [H] € H 3 (X;Z) is an integer 
cohomology class. The manifold X is supposed smooth and it is where the D- 
branes can be wrapped. The class [H] is not torsion, but in any case when [H] 
is a torsion class Witten gives a very elementary definition of K\m{X), This will 
also be a particular class of the twisting of K-theory on a stack by a gerbe defined 
below. 
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The construction of Krm (A) is as follows. Consider the long exact sequence in 
simplicial cohomology with constant coefficients 

(2.4.1) ► H 2 (X; R) A ii 2 (A; U(l)) -> ii 3 (A; Z) -> ii 3 (X; R) — > • • • 

induced by the exponential sequence ^ Z A R — > U(l) — > 1. Since [if] is 
torsion, it can be lifted to a class if* S if 2 (A; U(l)), and if n is its order then for 
a fine covering W = {C/i}i of X the class if* will be represented by a Cech cocycle 
hijk & C 3 (X)(Q(( n )) valued on ra-th roots of unity. 

Now we can consider a vector bundle as a collection of functions gij : Uij — > 
GL m (C) such that 9ijgjk9ki = ^GL m (c)- 

Definition 2.4.1. We say that a collection of functions gtj : J7y — > GL m (C) is an 
[ifj-itwsfec? vector bundle E if gijgjk9ki — hijk ■ *<^GL m (c) ■ The Grothcndieck group 
of such twisted bundles is ffrm(X). 

This definition does not depend on the choice of cover, for it can be written in 
terms of a Grothendieck group of modules over the algebra of sections END (E) of 
the endomorphism bundle E ® E* , that in particular is an ordinary vector bundle 

0- 

In the case in which the class a = [if] is not a torsion class one can still define 
a twisting and interpret it in terms of Fredholm operators on a Hilbert space. The 
following description is due to Atiyah and Segal [gj. Let TL be a fixed Hilbert space. 
We let £>(7f ) be the Banach algebra of bounded operators on TC and !F(TL) C B(H) 
be the space of Fredholm operators on 7f , namely, those operators in B(TL ) that are 
invertible in B(TL)/K.{TL) where /C(7f) is the ideal in B(TL) consisting of compact 
operators. 

Then we have the following classical theorem of Atiyah, 

K(X) = [X,F\, 

where the right hand side means all the homotopy classes of maps X — > T . In 
particular T ~ B U. 

For a cohomology class a £ H 3 (X, Z) Atiyah and Segal construct a bundle T a 
over X with fiber J-(H), and then define the twisted ff Q -theory as 

(2.4.2) K a (X) - \T(F a )] 

namely the homotopy classes of sections of the bundle T a . 

To construct T a notice that it is enough to construct a bundle B a over X with 
fiber B(H) for a given class a. Observe now the property that a bounded linear 
map Ti — > TL is Fredholm is completely determined by the map P(H) — * P{H) 
that it induces. So it will be enough to construct a infinite dimensional projective 
bundle P Q with fiber P(H). This can be done using Kuiper's theorem that states 
that the group U(7i) of unitary operators in TL is contractible and therefore one 
has P(C°°) = K(Z, 2) = BU(1) = U(TL)/U{1) = PU{TL) and K (Z, 3) ~ BPU(TL). 
The class a e if 3 (A, Z) = [A, K (Z, 3)] = [A, ffPti(W)] gives the desired projective 
bundle, at it is called the Dixmier-Douady class of the projective bundle. It is 
worthwhile to mention that J. Rosenberg has previously defined K a (X) in psf . 
His definition is clearly equivalent to the one explained above. 
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3. GERBES OVER SMOOTH MANIFOLDS 

3.1. Gerbes. As a way of motivation for what follows, later we will summarize the 
facts about gerbes over smooth manifolds, we recommend to see || [ll| for a more 
detailed description of the subject. Just as a line bundle can be given by transition 
functions, a gerbe can be given by transition data, namely line bundles. But the 
"total space" of a gerbe is a stack, as explained in the appendix. The same gerbe 
can be given as transition data in several ways. 

Let's suppose X is a smooth manifold and {U a } a an open cover. Let's consider 
the functions 

g af)1 :U a r\Upnu 7 — ► u(i) 

defined on the threefold intersections satisfying 

5q/3t = 5 Q7 /3 = 5/3q 7 — 9 7 p a 

and the cocycle condition 

on the four- fold intersection U a n Up n U 1 n U v . All these data define a gerbe. We 
could think of g as a Cech cocycle of H 2 (X, C°°(U(1))) and therefore we can tensor 
them using the product of cocycles. It also defines a class in H 3 (X; Z); taking the 
long exact sequence of cohomology 

► H\X, C°°(R)) -> H\X, C°°(U(1))) -> H i+1 (X, Z) -> • • • 

given from the exact sequence of sheaves 

-> Z -> C°°(R) -> C°°(U(1)) -» 1 

and using that C*°°(R) is a fine sheaf, we get H 2 (X, C°°(U(1))) ^ H 3 (X,Z). We 
might say that a gerbe is determined topologically by its characteristic class. 
A trivialization of a gerbe is defined by functions 

f a0 = f Pa ■ u a n Up -> u(i) 

on the twofold intersections such that 

Q 'a/37 — 

a 

In other words g is represented as a coboundary 5/ = g. 

The difference of two trivializations f a p and /ig given by h a p becomes a line 
bundle (h a php 7 h ia = 1). 

Over a particular open subset t/o we can define a trivialization, for j9, 7 ^ we 
take := 50/37 an d because of the cocycle condition we have g a p 1 = f a pj 'p^f-^a- 
Adding fop = 1 we get a trivialization localized at Uo and we could do the same 
over each U a . Then on the intersections U a <~) Up we get two trivializations that 
differ by a line bundle C a p- Thus a gerbe can also be seen as the following data: 

• A line bundle C a p over each U a n Up 

• C a p = £p a 

• A trivialization 6 a p 1 of C a pLp 1 L ia = 1 where 6 a p 1 : U a p-y — > U(l) is a 
2-cocycle. 



Example 3.1.1. (l5[ Ex. 1.3] Let M n ~ 3 C X n be an oriented codimension 3 
submanifold of a compact oriented one X. Take coordinate neighborhoods U a of A 
along M, we could think of them as U a = (U a n M) x R 3 , and let U a = X\N(M), 
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where N(M) is the closure of a small neighborhood of M, diffeomorphic to the disc 
bundle in the normal bundle. We have 

U n U a £* U a n M x {x £ R 3 : | \x\ \ > e} 

and let define the bundle £ a o as the pullback by x i— > x/||a;|| of the line bundle of 
degree 1 over S 2 . 

The line bundles C a p — C a oC^^ are defined on (U a HUpH M) x {x e R 3 : | \x\ \ > 
e} and by construction c\(L a p) — over S 2 , then they can be extended to trivial 
ones on the whole U a PI Up. This information provides us with a gerbe and the 
characteristic class of it in H 3 (X, Z) is precisely the Poincare dual to the homology 
class of the submanifold M. This is the gerbe that we will use to recover Witten's 
twisting of X-theory. 

3.2. Connections over gerbes. We can also do differential geometry over gerbes 



15| and we will describe what is a connection over a gerbe. 

For {U a } a cover such that all the intersection are contractible (a Leray cover), 
a connection will consist of 1-forms over the double intersections A a p, such that 

iA a/3 + iAp n + iA ia = g~p^dg a /3y 

where g a p 1 : U a fl Up H U 1 —> U(l) is the cocycle defined by the gerbe. 

Because d{g~p dg a pry) — there are 2-forms F a defined over U a such that F a — 
Fp = dA a p; as dF a — dFp then we define a global 3-form G such that G\u a = dF a . 
This 3-form G is called the curvature of the gerbe connection. 

As the A a p are 1-forms over the double intersections, we could reinterpret them 
as connection forms over the line bundles. So, using the line bundle definition of 
gerbe, a connection in that formalism is: 

• A connection A a p on C a p such that 

• A a p 7 a p 7 = where A Q ^ 7 is the connection over H a pLp 1 L ia induced by the 

• A 2-form F a € f2 2 (C/ Q ) such that on U a r\Up, Fp — F a equals the curvature 
of A Q p 

When the curvature G vanishes we say that the connection on the gerbe is flat. 

4. Groupoids 

The underlying idea of everything we do here is that an orbifold is best under- 
stood as a stack. A stack X is a "space" in which we can't talk of a point in 
X but rather only of functions S — > X where S is any space, much in the same 
manner in which it makes no sense to talk of the value of the Dirac delta S(x) at 
a particular point, but it makes perfect sense to write J„5(x)f(x)dx. To be fair 
there are points in a stack, but they carry automorphism groups in a completely 
analogous way to an orbifold. We refer the reader to the Appendix for more on this. 
In any case, just as a smooth manifold is completely determined by an open cover 
and the corresponding gluing maps, in the same manner a stack will be completely 
determined by a groupoid representing it. Of course there may be more than one 
such groupoid, so we use the notion of Morita equivalence to deal with this issue. 

A groupoid can be thought of as a generalization of a group, a manifold and an 
equivalence relation. First an equivalence relation. A groupoid has a set of relations 
1Z that we will think of as arrows. These arrows relate elements is a set IA. Given 
an arrow — >G 1Z it has a source x = s(— >) G U and a target y = t(-—>) e U. Then we 
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say that x — > y, namely x is related to y. We want to have an equivalence relation, 
for example we want transitivity and then we will need a way to compose arrows 
x A y A z. We also require TZ and U to be more than mere sets. Sometimes 
we want them to be locally HausdorfT, paracompact, locally compact topological 
spaces, sometimes schemes. 

Consider an example. Let X = S 2 be the smooth 2-dimensional sphere. Let p, q 
be the north and the south poles of S 2 , and define U\ = S 2 — {p} and U2 = S 2 — {q}. 
Let U12 — Ui H U2 and U21 — Ui H U\ be two disjoint annuli. Similarly take two 
disjoint disks U\\ = U\ fl U\ and U22 = U2 H XJ<2- Consider a category where the 
objects are U = U\ ttl U2 where ttl means disjoint union. The set of arrows will be 
7£ = [/iil±l[/i2W[/2iW U22- For example the point x € Uyi C TZ is thought of as 
an arrow from x G U\ C U to x e {/ 2 c namely x A x. This is a groupoid 
associated to the sphere. In this example we can write the disjoint union of all 
possible triple intersections as 1Z t x s 1Z 

4.1. Definitions. A groupoid is a pair of objects in a category 1Z,U and morphisms 

s,t : 1Z =4 U 

called respectively source and target , provided with an identity 

e :U — >K 

a multiplication 

m:1Z t x s 1Z — > TZ 

and an inverse 

i:TZ — > TZ 

satisfying the following properties: 
1. The identity inverts both s and t: 

U^+1Z U^-^TZ 

t 





u u 

2. Multiplication is compatible with both s and t: 



TZ °-^U 

3. Associativity: 



TZ t y. s TZ^^TZ 



TZ- 



_ _ _ id,TzX'm _ _ 

TZ t x s TZ t x s TZ ^TZtX s TZ 



m X idji 

TZ t x s TZ- 



■U 
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4. Unit condition: 



n t x s n 




5. Inverse: 



(id-R ,et) 



idr. 



K 



i o i = 




s o i = 


t 


t o i = 


s 



with 



(idn-i) 

1Z ^TZtX s TZ 



u 



n 



u- 



1Z 



We denote the groupoid by 1Z =4 U := (TZ,U,s,t,e,m,i), and the groupoid is 
called Stale if the base category is that of locally Hausdorff, paracompact, locally 
compact topological spaces and the maps s, t : 1Z — > U are local homeomorphisms 
(diffeomorphisms). We will say that a groupoid is proper is s x t: K ^ W xW is 
a proper (separated) map. We can of course work in the category of schemes or of 
cliff crcntiablc manifolds as well. From now on we will assume that our groupoids 
are differentiable, etale and proper; if its also effective, then this groupoid can be 
seen as obtained from an orbifold (see |24, Thm. 4.1]). 



Example 4.1.1. For M a manifold and {U a } and open cover, let 
U = [_\U a K= |J U a nUp (a,/3)^(/3,a) 

a ( a ,/3) 



s\u al3 '■ U a p — > U a , t\u aP ■ U a {3 — > Up e\u a ■ U a - 

Au afj '■ U a p — > U/3 a & m \u a0 -, '■ U a f3j — + U al 



u a 



the natural maps. Note that in this example lZtX s TZ coincides with the subset of 
TZtX s TZ of pairs (it, v) so that t(u) — s(v), namely the disjoint union of all possible 
triple intersections U a p 7 of open sets in the open cover {U a }. We will denote this 
groupoid TZ =$ U by M(M, U a ). 



Example 4.1.2. Let G be a group and U a set provided with a left G action 

G x U — ► U 

(g, u) ^ 9 u 

we put hi = U and 1Z = G x U with s(g,u) = u and t(g,u) = gu. The domain 
of m is the same asGxGxf where m(g,h,u) = (gh,u), i{g,u) = {g~ l ,gu) and 
e(u) = (ida,u). 

We will write G x U =$ U (or sometimes X = [U/G],) to denote this groupoid. 
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Definition 4.1.3. A morphism of groupoids ( v I / ,'0) : (TZ' =4 W) — > (TZ =4 U) are 
the following commutative diagrams: 



TV — ^tz 



w — ^tz 



t' * 



w — 



K't>Xs>K' >1Z t x s K 



w — 



TV 



n 1 



K 



TZ' 



TZ 



Now we need to say when two groupoids are "equivalent" 

Definition 4.1.4. A morphism of etale groupoids ( v I / ,'0) is called an Stale Morita 
morphism whenever: 

• The map s o tt2 : W f TZ — > U is an etale surjection, 

• The following square is a fibered product 



n 



(s,t) 



iby.il) 

W xW ——^U xU 

where only the second condition is the required for a morphism of general groupoids 
to be Morita. When working on etale groupoids, the Morita morphisms are under- 
stood to be etale. 

Two groupoids TZi =4 U\, TZi =4 Ui are called Morita equivalent if there are 
Morita morphisms (^i,ipi) : TV =4 W — > TZi =4 Ui for i = 1,2. This is an 
equivalence relation and in general we will consider the category of etale groupoids 
obtained by formally inverting the Morita equivalences (see for details). 

It is not hard to define principal bundles over groupoids where the fibers are 
groupoids (cf. fLof), but here we will restrict ourselves to the construction of prin- 
cipal G bundles over groupoids, where G is a Lie group (or an algebraic group.) 
This will facilitate the construction of the desired twistings in if -theory. 

We give ourselves a groupoid s, t : TZ =$U. 

Definition 4.1.5. A principal G-bundle over the groupoid TZ =4 U is the groupoid 

s, t : TZ x G =4 U x G 
given by the following structure: 

s(r, h) := (s(r), h)), t(r, h) := (t(r), p(r)h), i(r, h) := (i(r), p(r)h) 

e(u,h) := (e(u),h) & rh((r,h),(r',p(r)h)) := (m(r,r'),p(m(r,r'))h) 
where p : TZ — > G is a map satisfying: 

i*p = p- 1 (Tr* lP ) ■ (-K* 2 p) = m*p 



Definition 4.1.6. For a group G we write G to denote the groupoid * x G =4 *. 
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Proposition 4.1.7. To have a principal G-bundle over Q — (1Z =4 IX) is the same 
thing as to have a morphism of groupoids Q — ^ G. 

This definition coincides with the one of orbibundle given previously in section 



2.1 when we work with the groupoid associated to the orbifold, this will be discussed 



in detail in the next section. 

5. Orbifolds and groupoids 

5.1. The groupoid associated to an orbifold. The underlying idea behind 
what follows is that an orbifold is best understood when it is interpreted as a 
stack. We will expand this idea in the Appendix. There we explain separately the 
procedures to go first from an orbifold to a stack, in such a way that the category 
of orbifolds constructed above turns out to be a full subcategory of the category 
of stacks; and then, from a stack to a groupoid, producing again an embedding of 
categories. But there is a more direct way to pass directly from the orbifold to the 
groupoid and we explain it now. We recommend to see @ |E| H for a detailed 
exposition of this issue. Then we complete the dictionary between the orbifold 
approach of || and the groupoid approach. 

Let X be an orbifold and {{V pi G p ,Tr p )} pe x its orbifold structure, the groupoid 
TZ^U associated to X will be defined as follows: U := \_\ peX anc ^ an element g : 
V\) — ► (t>2, V2) (an arrow) in 1Z with Vi £ Vi,i — 1,2, will be a equivalence class 
of triples g = [Ai,io, A 2 ] where w £ W for another uniformizing system (W,H, p), 
and the A-j's are injec tions (Xi,(f>i) : (W, H, p) — ► {V^ Gi, m) with Xi(w) — Vi,i = 1,2 
as in definition [2.1.2 . 



For another injection (7, ip) : (W, H' , p') — » (W, H, p) and w' £ W with j(w') = 
w then [Ai, w, A2] = [Ai o 7, w' , A2 o 7] 

Now the maps s, t, e, i, m are naturally described: 

s([Xi,w, A 2 ]) = (Xi(w),Vi), t([Xi,w, A 2 ]) = (X 2 (w),V 2 ) e(x, V) = [id v ,x,id v ] 

i([Xi,w, A 2 ]) = [A 2 , w, Ai] m([[Xi,w, A 2 ], [^i,z,^ 2 ]) = [Ai o v x ,y,p 2 ° v%] 
where h = [1/1, y, v 2 \ is an arrow joining w and z (i.e. v\{y) — w & v 2 (y) = z) 

It can be given a topology to 1Z so that s,i will be etale maps, making it into 
a proper, etale, differentiable groupoid, and it is not hard to check that all the 
properties of groupoid are satisfied (||, Thm 4.1]. 



Remark 5.1.1. Two equivalent orbifold structures (as in Dcf. 2.1.5) will induce 
Morita equivalent groupoids and vice versa. Thus, the choice of groupoid in the 
Morita equivalence class that we will use for a specific orbifold will depend on the 
setting, it may change once we take finer covers, but it will be clear that it represents 
the same orbifold. 

This is a good place to note that an orbifold X given by a groupoid TZ^U will 
be a smooth manifold if and only if the map (s, t) : 7Z — > U x U is one-to-one. 

Now we can construct principal T-bundles on the groupoid TZ^U associated to 
the orbifold X getting, 

Proposition 5.1.2. Principal T bundles over the groupoid TZ^U are in 1-1 cor- 
respondence with T-orbibundles over X . 

Proof. Let's suppose the bundles are complex, in other words T = GL n (C). The 
proof for general T is exactly the same. 
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For an n-dimensional complex bundle over 7Z =4 U we have a map p : 1Z 



GL n (C) and a groupoid structure RxC"=SWxC"as in definition [4.1.5[ Let U 
be an open set of X uniformized by (V, G, tt) which belongs to its orbifold structure; 
for g £ G and x G V, £ — [id G ,x,g] is an element of 1Z ( via the identity on 
V, and the action of g in V and the conjugation by g on G thought of as an 
automorphism of V) and we can define pv.G '■ V x G — > GL n (C) by pv,G{x,g) i— > 
j(?([id G , £,#]). As m([zd G , a;, 3], [id G , gx, ft#]) = [£d G , M> we nave p(Nc c/ar, ft]) 
p([id G ,a;,3]) = p([id G ,x, hg\), which implies pv,c(gx, h) o p v>G (x,g) = p v , G (x,hg). 
So (V x C™,G, tt) with py, G extending the action of G in C n is a uniformizing 
system for the orbibundle we are constructing, we need to prove now that they 
define the same germs and then we would get a orbibundle E — > X using its bundle 
orbifold structure. 

Let (Xi,(f>i) : (W, H, p) — > (Vi,Gi,TTi) be injections of uniformizing systems of 
X, with corresponding bundle uniformizing systems (W x C n ,H,p) and (Vi x 
C n ,G<,7Ti). For a; £ W, ( e C™ and h € H, ([id H ,x,h],£,) e 1Z x C n and 
t([id H ,x,h},£) = (hx, p([idH,x,h])£) = pw,n{x, ft)£. As [A;, x, <^(ft)oA;] = [ids, a;, ft] 
for i 6 {1,2} then py 1;Gl (Ai(a;), ^i(ft)) = jOy 2iG2 (A 2 (x), ^(ft)); so the bundle uni- 
formizing systems (V$ x C™, Gi, 7fj) define the same germs, thus they form a bundle 
orbifold structure over X. 

Conversely, if we have the orbibundle structure for E —> X we need to define 
the function p : 1Z — > GL n (C). So, for injections (Aj,<jf>,) : (W x C n ,H,p) — > 
(Vi x C^Gi,-^) (where A* extends the Aj's previously defined), p([Ai, 3J, A 2 ]) will 
be the element in GL n (C) such that maps pr2(\x(x, £)) pr 2 (A 2 (x, £)), here pr 2 
stands for the projection on the second coordinate; in other words 

p([Xi,x, A 2 ])pr 2 (A~i(x, £)) = pr 2 (A2(x, 0) 

Because this bundle uniformizing systems define the same germs, p satisfies the 
product formula; the inverse formula is clearly satisfied. □ 



Proposition 5.1.3. Isomorphic T-bundles over 1Z =4 W correspond to isomorphic 
T-orbibundles over X , and vice versa. 

Proof. We will focus again on complex bundles. To understand what relevant in- 
formation we have from isomorphic bundles, let's see the following lemmas 

Lemma 5.1.4. An isomorphism of bundles over K =5 W (with maps pi : 1Z — > 
GL„(C) for i = 1,2) is determined by a map 5 : 1Z — > GL„(C) such that 

KxC" RxC" WxC" ^ U x C™ 

(r,0 ~ (r,S(r)0 («,£) ^ M(e(u))0 

satisfying 5(i(r))pi(r) — p 2 {r)6(r) and 6(r) = 5(es(r)). 

Proof. It is easy to check that ■0) defined in this way is a morphism between 
the bundles; the equality 5(r) = 5(es(r)) comes from the diagram of the source 
map and 8(i(r))pi(r) = p 2 (r)(5(r) from the one of the target map, the rest of the 
diagrams follow from those two. □ 

In the same way we could do this procedure for complex orbibundlcs: 
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Lemma 5.1.5. An isomorphism of complex orbibundles over X (with maps p VG ■ 
V x G — > GL n (C) for i = 1, 2 and {(V, G, 7r)} orbifold structure of X) is determined 
by the maps 5y : V — > GL n (C) such that 

V x C n — > Fx C" 
(r,£) i ^ (r,<5v(r)£) 

satisfying S(gr)p v G (r, g) — p v G (r,g)8[r). The Sy 's form a good map. 

Proof. Because the underlying orbifold structure needs to be mapped to itself, we 
obtain the Sy's. The equality S(gr)p VG (r, g) = p VG {r, g)S(r) holds because the 
good map condition. □ 

The proof of the proposition is straight forward from these lemmas. The map 6 
that comes from the isomorphism of the complex bundles determines uniquely the 
<5y's, and vice versa. □ 

Example 5.1.6. The tangent bundle TX of an orbifold X is a orbibundle over X. 
HU = V/G is a local uniformizing system, then a corresponding local uniformizing 
system for TX will be TU/G with the action g ■ (x, v) = (gx, dg x (v)). 

Similarly the frame bundle P(X) is a principal orbibundle over X. The local 
uniformizing system is U x GL n (C)/G with local action g ■ (x, A) — (gx, dg o ^4). 
Notice that P(X) is always a smooth manifold for the local action is free and 
(s, t) : 1Z — > U x U is one-to-one. 

We want the morphism between orbifolds to be morphism s of gr oupoids, and 



this is precisely the case for the good maps given in Definition 2.1.11 



Proposition 5.1.7. A morphism of groupoids induces a good map between the un- 
derlying orbifolds, and conversely, every good map arises in this way. 

Proof. For / : X — > X' a good map between orbifolds, we have a correspondence 
U <-> U' between open subsets of a compatible cover of X and open subsets of X' , 
such that f(U) C U' , and U\ C XJ<x implies U[ C U' 2 . Moreover, we a re prov ided 



with local liftings fuu' '■ (V>G, ir) — * (V^',G',7r') as in the Definition 2.1.11 . Let 
1Z U and 1Z' =^ W be the groupoids constructed from the orbifold structures of 
X and X' respectively, determined by the compatible cover {Ui]i of X and a cover 
of X' that uniformizes {U'j}j. 

Define t/> : U W such that ip\ v = f vu , and * : K -> W by ^([X 1 ,w, A 2 ]) = 
([^(Ai), ip(w), i/(\2)], where the A^'s are injections between W and Vi and the i/(Aj)'s 
are the corresponding injections between W' and V{ given by the definition of good 
map; because 

° fww — fViV! ° 

the function ^> is well defined and together with ip, satisfy all the conditions for a 
morphism of groupoids. 

It is clear that the groupoids just used could differ from the groupoids one obtain 
after performing the construction defined at the beginning of this chapter, but they 
are respectively Morita equivalent. 

On the other hand, if we are given ^ : TZ — > TV and ip ■ U — > W , we can take 
a sufficiently small open compatible cover for X such that for U in its cover there 
is an open set U' of X' with the desired properties. For (V,G,ir) and (V',G',ir') 
uniformizing systems of U and U 1 respectively, we need to define fun 1 ■ The map 
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between V and V is given by t/'Ivj an< i the injection between G and G' is given as 
follows. 

Let's take x G V and g £ G; we have an automorphism of (y, G, 7r) given 
by the action by g on V and by conjugation on G, call this automorphism X g ; 
then [id,G,x,g] is an element of 1Z, using the properties of \& and ^ we get that 
^([Ida, x, g\) — [Ida 1 ,ip(x), g 1 ], where g' € G'; this because every automorphism 
of (V',G',7r') comes from the action of an element in G' (sec |^9|, Lemma 2.1.1]); 
moreover, we have that g' o ip(x) = %j) o 5(0;). This will give us an homomorphism 
Puu' : G — > G' sending g 1— » g' that together with fuw form the compatible system 
we required. □ 

Orbifolds have the property that they can be seen as the quotient of a manifold 
by a Lie group. We just construct the frame bundle P(X ) of X , which is a manifold, 
together with the natural action of O(n) as in Example 5.1.6| (cf. |l[). 



Example 5.1.8. Let X be a n-dimensional orbifold, Y its orbifold universal cover 
and H = 7rf b (X) its fundamental orbifold g roup and f:Y—>X the cover good 
map. Let P(Y) be the frame bundle of X, by 5.1 .6| we know that P{X) is a smooth 
manifold and it is endowed with a smooth and effective O(n) action with finite 
isotropy subgroups such that X ~ [P(X)/0(n)] in the category of orbifolds (cf. [|| 
prop. 2.3.) 

The frame bundle P(Y) is isomorphic to f* P(X) and lifting the action of H in 
Y to a free action of H in P(Y) with P{Y)/H ~ P{X) we obtain the following 
diagram. 



P{Y) 

/O(n) 

Y 



/H 



in 

SY,ty 



P(X) 

/O(n) 
X 



sx,tx 



Let's consider now the groupoids IZy =} Uy and TZx =4 associated to 
the orbifolds Y and X by using their frame bundles (i.e. IZy = P{Y) x O(n) and 
= P(y) with sy and as in Example 4.1.2.) Every h € H induces a morphism 
of groupoids 

h 




since the action of h in P(Y) x O(n) commutes with the action of O(n), for P(Y) 
is simply f*P(X). 

As we are working in the reduced case, the orbifold structures of Y and X can be 
obtained using the frame bundles P(Y) and P(X) so we can choose a sufficiently 
small orbifold cover {[/} of Y, such that for (V,G,ir) a uniformizing system of U, 
and h £ H ,we have an isomorphism : (V, G, 7r) = (V, G,' 7r'), where (V, G', n') 
is a uniformizing system for U' = hU. In other words, the map ijh induces a 
groupoid automorphism of the orbifold (a good map) . 

s,t 

Let IZy x H be the groupoid defined by the following maps 

s(r,h) = s Y (r) t(r,h) — h(ty(r)) e{x) = {ey{x), idn) 
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i(r,h) = (h(i Y (r)),h *) m((n, hi), (r 2 , hi)) = (m(ri, h 1 {r 2 )),h 2 h 1 ) 
then the following holds. 

Proposition 5.1.9. The groupoids IZy X _ff =4 Wy and 7?x Wx are Morita 
equivalent. 

Proof. Noting that the map P(Y) — > P(X) is a surjection and recalling that TZx = 
P(X) x O(n) we can see that so ir 2 : Uy / x t 7Zx — > ^x is an etale surjection. Finally 
because the action of iJ in IZy and Wy is free and IZy /H ~ 7£x , ^y — it is 
immediate to verify that 

Ky x H f ni ? ^x 

(s,i) (sjs.ty) 
Wy X Wy — 5> Wx X Wx 

is a fibered square. □ 

5.2. The category associated to a groupoid and its classifying space. To 

every groupoid K^Wwe can associate a category C whose objects are the objects 
in U and whose morphisms are the objects in TZ that we have called arrows before. 
We can see 

ftW : l\ t ■ s , 7C. 

n 

as the composition of n morphisms. In the case in which TZ is a set then 72.( n ) is the 
set of sequences (71, 72, ■ ■ ■ , 7n) so that we can form the composition 71 0720- • -oj n . 
We this data we can form a simplicial set jll], Q . 

Definition 5.2.1. A semi- simplicial set (resp. group, space, scheme) X % is a se- 
quence of sets {X n } n6 N (resp. groups, spaces, schemes) together with maps 

X a £=> X\ X 2 • • • -Xyyi 

(5.2.1) 9; : X m -> X m _i, Sj : X m -> X m+ i, < i, j < m. 

called boundary and degeneracy maps, satisfying 

<9i<9, = dj-idi if i < j 

SiSj = Sj+iSi if i < j 

!Sj-idi if i < j 
1 if i = j, j + 1 

Sjdi-i if i > j + 1 

The nerve of a category (see [pH ) is a semi-simplicial set 7VC where the objects 
of C arc the vertices, the morphisms the 1-simplices, the triangular commutative 
diagrams the 2-simplices, and so on. For a category coming from a groupoid then 
the corresponding simplicial object will satisfy NC n — X n = 7Z^ n \ We can define 
the boundary maps di : IZ^ 71 ' — > IZ^ 71-1 ^ by: 

!(72,---,7«) ifi = 

(71, . . .,m(7i,7i+i), . . . ,7„) if 1 < i < n- 1 
(71, . . . ,7n-i) if» = n 
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Sj(7l, ■ • ■ ,7n) 



and the degeneracy maps by 

(e(s(7i)),7i, ■ ■ ■ ,7n) for j = 

(71, . . . ,73>e(*(7j)))7i+i> ■ ■ ■ >7n) for j > 1 

We will write A™ to denote the standard n-simplex in R" . Let Si : A™" 1 — ► A™ 
be the linear embedding of A™^ 1 into A™ as the i-th face, and let aj : A™ +1 — > A™ 
be the linear projection of A™ +1 onto its j-th face. 

Definition 5.2.2. The geometric realization \X, \ of the simplicial object X» is the 
space 



(z,di(x)) ~ (5j(z),x) 
(z,Sj(a;)) - (ojO), x) 



VnGN 

Notice that the topologies of X„ are relevant to this definition. 

The semi-simplicial object NC determines C and its topological realization is 
called BC, the classifying space of the category. Again in our case C is a topological 
category in Segal's sense 

For a groupoid 7?. =$ U we will call £?(7\L =4 W) = = |iVC| the classifying 
space of the groupoid. 

The following proposition establishes that B is a functor from the category of 
groupoids to that of topological spaces. Recall that we say that two morphisms 
of groupoids are Morita related if the corresponding functors for the associated 
categories are connected by a morphism of functors. 

Proposition 5.2.3 (p2[). (cf. (3l|, Prop. 2.1]) A morphism of groupoids Xi — * X2 
induces a continuous map BX\ — ► BX2 . Two morphism that are Morita related will 
produce homotopic maps. In particular a Morita equivalence Xi ~ X2 will induce a 
homotopy equivalence BX\ ~ BX2 . This assignment is functorial. 

Example 5.2.4. For the groupoid G = (★ X G =3 *) the space BG coincides with 
the classifying space BG of G. 

Consider now the groupoid X = (GxG =4 G) where s(gi, 172) = 9i, t(gi> 9i) = 92 
and m((g r i, 32); (52, 33)) = (91,93) then it is easy to see that BX is contractible and 
has a G action. Usually BX is written EG 

A morphism of groupoids X — ► G is the same thing as a principal G bundle 
over X and therefore can be written by means of a map G x G — > G. If we choose 
{92,92) !— * 9\ l g2 the induced map of classifying spaces 

£G — ► BG 

is the universal principal G-bundle fibration over BG. 

Example 5.2.5. Consider a smooth manifold X and a good open cover U — 
{U a }a- Consider the groupoid Q = (1Z =3 £Q where 7?. consists on the disjoint 
union of the double intersections U a p. Segal Prop. 4.1] calls X(j the corre- 
sponding topological category. There he proves that BQ = BXjj ~ X. 

If we are given a principal G bundle over t/ then we have a morphism Q — > G 
of groupoids, that in turn induces a map X — > i?G. Suppose that in the previous 
example we take G = GL n (C). Then we get a map X — > £?GL n (C) = BU and 
since if (X) = [X, BU] this is an element in if-theory. 
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Example 5.2.6. Consider a groupoid X of the form MxG4M where G is acting 
on M continuously. Then BX ~ EG xgMis the Borel construction for the action 
M x G -> M. 

5.3. Sheaf Cohomology and Deligne Cohomology. On a smooth manifold X 
a sheaf S can be defined as a functor from the category whose objects are open sets 
of X, and whose morphisms arc inclusions to the category (for example) of abelian 
groups, and a gluing condition of the type described in the Appendix. So for every 
open set U a in X we have an abelian group Su a — ^s(U a ) called the sections of S 
in U a . In the representation of a smooth manifold as a groupoid 1Z =4 U where 

u = \_\u a 11= |J U a nUp (a,p)?(fi,a). 

a (a, 13) 

A sheaf can be encoded by giving a sheaf over U with additional gluing conditions 
given by TZ. 

Definition 5.3.1. jlO| A sheaf S on a groupoid TZ =$ U consists of 

1. A sheaf S on U. 

2. A continuous (right) action of TZ on the total space of S. 

An action of 7Z on S — > U is a map S nX t 7Z — > S satisfying the obvious identities. 

The theory of sheaves over groupoids and their cohomology has been developed 
by Crainic and Moerdijk flipf . There is a canonical notion of morphism of sheaves. 
So we can define the category Sh(X) of sheaves over the groupoid X. Morita equiv- 
alent groupoids have equivalent categories of sheaves. There is a notion of sheaf 
cohomology of sheaves over groupoids defined in terms of resolutions. There is also 
a Cech version of this cohomology developed by Moerdijk and Pronk pi| . We will 
call a groupoid with a sheaf a Leray groupoid if the associated sheaf cohomology 
can be calculated as the corresponding Cech cohomology. From now on we will 
always take a representative of the Morita class of the groupoid that is of Leray 
type. The basic idea is just as in the case of a smooth manifold, an S valued n 
Cech cocycle is an element c £ ^s(\S U ai ... an ), and in a similar fashion we can 
define cocycles in the groupoid 7Z =t U in terms of the sheaf and the products 
t x s ■ ■ ■ tX s TZ- Then using alternating sums of the natural collection of 

n 

maps 

n (0) ^^(1)^(2)^^(3)... 

we can produce boundary homomorphisms and define the cohomology theory. 

The resulting groupoid sheaf cohomology satisfies the usual long exact sequences 
and spectral sequences. In particular we can use the exponential sequence induced 

by the sequence of sheaves — * Z —> R — ► U(l) — * 1. 

In [^i], Hi], we find a theorem that implies the following 

Theorem 5.3.2. For an orbifold with groupoid X and a locally constant system A 
of coefficients (for example A = Z) we have 

H*(X,A) = H*{BX,A) 

where the left hand side is orbifold sheaf cohomology and the right hand side is 
ordinary simplicial cohomology. 
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Moerdijk has proved that the previous theorem is true for arbitrary coefficients 
A|. ' 

Crainic and Moerdijk have also defined hypercohomology for a bounded complex 
of sheaves in a groupoid, and they obtained the basic spectral sequence. In [ fl7[ 
|l6| we define Deligne cohomology for groupoids associated to orbifolds and also 
Cheeger- Simons cohomology. 

6. GERBES OVER ORBIFOLDS 

6.1. Gerbes and inner local systems. From this section on we are going to work 
over the groupoid associated to an orbifold. For 1Z =4 U the groupoid associated to 
an orbifold X defined in 5.1 we will consider the following 

Definition 6.1.1. A gerbe over an orbifold 1Z =4 U, is a complex line bundle C 
over 1Z satisfying the following conditions 

e 

• k*C® n^C <X> m*i*C = 1 

• 9 : 1Z t x s K -> U(l) is a 2-cocycle 

where 7Ti,7T2 : 7Z t x s TZ — * TZ are the projections on the first and the second 
coordinates, and 9 is a trivialization of the line bundle. 

The following proposition^ shows that the analogy with a finite group can be 
carried through in this case. 

Proposition 6.1.2. To have a gerbe £ over a groupoid Q is the same thing as to 
have a central extension of groupoids 



1^U(1)^£^£^1 

Lemma 6.1.3. In the case of a smooth manifold M [|35[ |l5|] we define the groupoid 
as in the example \^.l.f\ , for a line bundle C overlZ we get line bundles C a p := C\v aP 

over the double intersections U a p such that C a p = Cg^i an( ^ ^-ap^-Pi^-aj — 1 over 
the triple intersections U a /3y; then we get a gerbe over the manifold as defined in 
section ||. 

We want to relate the discrete torsions of Y. Ruan p{| over a discrete group G 
and the gerbes over the corresponding groupoid 

Example 6.1.4. Gerbes over a discrete group G are in 1-1 correspondence with 

the set of two-cocycles Z(G, U(l)). 

We recall that G denotes the groupoid * x G =4 * the trivial maps s,t and 

= 9 an d m (h,g) = hg (clearly we can drop the * as it is customary). A 

gerbe over G is a line bundle £ over G such that, if we call C g the fiber at g, 

, P 
C g = C g -i and C g Ch — C g h- So for each g,h £ G we have a trivialization 

f3g lh G U(l) satisfying g .hf3 g h,k = /3 g ,hkPh,k because 

ftg,h Pgh.k Pg,hk @h,k 

CgChCk = CghCk = Cghk = CgChk = CgChC-k 

Then j3 : G x G — > U(l) satisfies the cocycle condition and henceforth is a two- 
cocycle. 

It is clear how to construct the gerbe over G once we have the two-cocycle. 



1 We owe this observation to I. Moerdijk 
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The representations of : C(g) — > U(l) defined in section 2.2 for some a £ 
H 2 (G, U(l)) come from the fact that 

£g£/i = ^h^g: 

then 9(g : h) :— &g,h&h g defines a representation 9(g,S) : C(g) — > U(l) and it 
matches the for f3 = a. 

Remark 6.1.5. Every inner local system over an orbifold X defined by Ruan [ p9| 
as in Definition 2.2.2, comes from a gerbe on the groupoid IZ^U associated to it. 
This is because TZ contains copies of the twisted sectors. This is explained in detail 

6.2. The characteristic class of a Gerbe. We want to classify gerbes over an 
orbifold. As we have pointed out before the family of isomorphism classes of gerbes 
on a groupoid TZ =4 U forms a group under the operation of tensor product of 
gerbes, that we will denote as Gb(TZ =t U). Given an element [£] G Gb(lZ =4 U) 
we can choose a representative £ and such representative will have an associated 
cocycle 9: 7£tX s 7?. — > £7(1). Two isomorphic gerbes will differ by the co-boundary 
of a cocycle TZ — ► U(l) 

Example 6.2.1 . Gb(G ) = ff 2 (G,U(l)) 

Using lemma 6.1.4 and the previous definition of the group Gb(G) we see that 
two isomorphic gerbes define cohomologous cycles, and vice versa. 

We will call the cohomology class (£) € H 2 (1Z li, C*) of 9, the characteristic 
class of the gerbe £. As explained in Section |5.3| we can use the exponential 
sequence of shea ves to show that H 2 (1Z U. C*) = H 3 (1Z =4 U, Z) and then using 
the isomorphism |5.3.2| H 3 (1Z ^U,Z) = H 3 (B(1Z =4 U), Z) we get 

Proposition 6.2.2. For a groupoid 1Z U we have the following isomorphism 

Gb{1Z ^>U) = H 3 (B(K =! U), Z) 

given by the map [C] — » (C) that associates to a gerbe its characteristic class. 



In particular using 5.2.3 we have that 

Proposition 6.2.3. The group Gb{TZ =4 U) is independent of the Morita class of 
TZ^U. 

This could also have been obtained noting that a gerbe over an orbifold can be 
given as a sheaf of groupoids in the manner of 

Example 6.2.4. Consider an inclusion of (compact Lie) groups K C G and con- 
sider the groupoid Q given by the action of G in G/K, 

G/K x G =4 G/K 

Observe that the stabilizer of [1] is K and therefore we have that the following 
groupoid 

[l]xK=t [1] 

is Morita equivalent to the one above. 
From this we obtain 

Gb{g) = H 3 {K,Z) 
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As it was explained in 2.4 in the case of a smooth manifold X we have that 

Gb(X) = [X,BBC*] 

where BBC* = BPU(H) for a Hilbert space H. 

Let us write VU(H) to denote the groupoid ★ x PU(H) — ► *. We have the 
following 

Proposition 6.2.5. For an orbifold X given by a groupoid X we have 



Gb(X) = [X,VU(H)\ 



where [X, VlKTL)] represents the Morita equivalence classes of morphisms from X 
to VU(H) 

6.3. Differential geometry of Gerbes over orbifolds and the £?-field. Just 
as in the case of a gerbe over a smooth manifold, we can do differential geometry 
on gerbes over an orbifold groupoid X = (1Z =4 U). Let us define a connection over 
a gerbe in this context. 

Definition 6.3.1. A connection (g, A, F,G) over a gerbe 1Z =| U consists of a 
complex valued 0-form g <E n°(TZ t x s TZ), a 1-form A e ^(Tl), a 2-form F € n 2 (U) 
and a 3-form G € £l 3 (U) satisfying 

• G = dF, 

• t*F- s*F = dA and 

• tt^A + it 2 A + m*i* A = —\J—\g~ x dg 

The 3-form G is called the curvature of the connection. A connection is called flat 
if its curvature G vanishes. 

The 3-curvature 27r y-i ^ represents the integer characteristic class of the gerbe 
in cohomology with real coefficients, this is the Chern-Weil theory for a gerbe over 
an orbifold. One can reproduce now Hitchin's arguments in |]l5| mutatis mutan- 
dis. In particular when a connection is flat one can speak of a holonomy class in 
H 2 (BX, U(l)). Hitchin's discussion relating a gerbe to a line bundle on the loop 
space has an analogue that we have studied in fTs|] . There, for a given groupoid X 
we construct a groupoid LX that represents the free loops on X. The 'coarse moduli 
space' or quotient space of this groupoid coincides with Chen's definition of the loop 
space @, but LX has more structure. In particular if we are given a gerbe L over X, 
using the holonomy we construct a 'line bundle' A over LX S , the fixed subgroupoid 
under the action of S 1 , by a groupoid homomorphism LX S — > U(l). Let us con- 
sider the groupoid AX = (AX)i =t (AX) , with objects (AX) = {r£ K\s(r) = t(r)}, 

and arrows (AX)i = {A € 1Z\ri -^r 2 ^ rn(A,r 2 ) = m{r\, A)}. The groupoid AX is 
certainly etale, but it is not necessarily smooth. In other words the twisted sectors 
are an orbispace or a topological groupoid M, uM . 



Theorem 6.3.2. |18| The orbifold X^A defined in 2.i is represented by the groupoid 
AX. There is a natural action of S 1 on LX. The fixed subgroupoid (LX) S under 
this action is equal to AX. The holonomy line bundle A over AX is an inner local 



system as defined in 2.i 



From this discussion we see that in orbifolds with discrete torsion as the ones 
considered by Witten in |35|, p. 34], what corresponds to the £?-field 3-form H 
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in |35[ p. 30] is the 3-form G of this section. The analogue of Kijf\ that Witten 
requires in [||[ p. 34] will be constructed in the next section. 

Let us recall that the smooth Deligne cohomology groups of an orbifold X can 



be defined as in section 5.3. To finish this section let us state one last proposition 
in the orbifold case. 

Proposition 6.3.3. JTcj , Prop. 3.0.6] The group of gerbes with connection over an 
orbifold X are classified by the Deligne cohomology group ii 3 (X, Z(3)|J). 

7. Twisted £ if gpd -THEORY 

7.1. Motivation. Think of a group G as the groupoid * x G =t *, that is to say, a 
category with one object * and an arrow from this object to itself for every element 
g G G: 

D 

The theory of representations of G consists of the study of the functor G i— > R(G) 
where R(G) is the Grothcndieck ring of representations of G with direct sum and 
tensor product as operations. 

An n-dimensional representation p of G is a continuous assignment of a linear 
map 

C" y 

for every arrow g G G. Namely a representation is encoded in a map 

p:R = *xG^ GL„(C) 

or in other words is a principal GL„(C) bundle over the groupoid G = (* x G =$ *). 
For finite groups this is simply an orbibundle. 

For a given orbifold, the study of its iVorb-theory is the exact analogue to the 
previous situation, in other words, the representation theory of groupoids is K- 



theory. The analogue of a representation is an orbibundle as in 4.1.5. Every arrow 
in the groupoid corresponds to an element in GL„(C) but now there are many 
objects so we get a copy of C" for every object in U, namely a bundle over U with 
gluing information. 

In the case of a smooth manifold this recovers the usual if-theory. 

It is clear now that we can twist K gpd (X) by a gerbe C over X in the very same 
manner in which R(G) can be twisted by an extension 

1 -> C* -> G -► G^ 1 

such an extension is the same thing that a gerbe over G = (* x G =4 *). This 
twisting recovers all the twistings of .fT-theory mentioned before in this paper. 

For a moment lets re strict our attention to the groupoid Q associated to a smooth 
manifold X defined in [4. 1 . l[ , and let's see how its if -theory can be interpreted in 
terms of this groupoid. 

Let C be the (discrete) category whose objects are finite dimensional vector 
spaces and whose morphisms are linear mappings. Then a functor of categories 
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assigns to every object of Q a vector space and to every morphism of Q a linear 
isomorphism in a continuous fashion. If we recall that the groupoid Q is given by 



then we realize that this is equivalent to giving a trivial vector over U and linear 
gluing instructions, that is to say, a vector bundle over M. 

It is also clear that the category C is equivalent to the category with one object for 
every non-zero integer n € Z>o, and with morphisms generated by the isomorphisms 
[J GL„(C) and the arrows n — » m whenever n < m. The classifying space of C is 
Gr(C°°) ~ BGL^C) ~ BU . 

In this case BQ ~ X plj , and we get an element in the reduced if-theory of 
X, [X,BU] — K(X). This discussion is also valid in the case in which X is an 
orbifold and shows that our constructions do not depend on the choice of Leray 
etale groupoid representing the orbifold that we take. This will motivate us define 
the if -theory of an orbifold X given by a groupoid Q by means of such functors 
Q — > C. Actually we will use groupoid homomorphisms from Q to some groupoid V 
whose classifying space is homotopic to C, and this will allow us to generalize the 
definition to the twisted case. 

Following Segal and Quillen's ideas in algebraic K-theory we can do better in the 
untwisted case. Consider the category C of virtual objects of C, namely the objects 
of C are pairs of vector spaces (Vb,Vi) and so that a morphism from (Vb,Vi) to 
(Uo,Ui) is an equivalence of a triple [W;fo,f\] where W is a vector space and 
fi ■ Vi © W — > Ui is an isomorphism. We say that (W; fo, fi) ~ (W, f' {) , f[) if and 
only if there is an isomorphism g: W — > W such that // o (idy; © g) = fi- 

It is a theorem of Segal that BC is homotopy equivalent to the space of Fredholm 
operators TiTL). But while for a finite group G it would be wrong to define K{G) 
as [BG, T{J~C)\ it is still correct to say that K(G) is the set of isomorphism classes 
of functors G — > C. We can similarly define the fsT-theory of an orbifold given by a 
groupoid Q by functors of the form Q C. 

Let us again consider the case of a smooth manifold M. With this in mind we 
would like to have a group model for the space T of Fredholm operators. One 
possible candidate is the following. 

Definition 7.1.1. [^7j For a given Hilbert space 7i by a polarization ofTi we mean 
a decomposition 



where 7i+ is a complete infinite dimensional subspacc of TL and 7i_ is its orthogonal 
complement. 

We define the group GL res (H) to be the subgroup of GL(H) consisting of oper- 
ators A that when written with respect to the polarization Ti + look like 



where a: TL + — > TL + and d: 7Y_ — > TL- are Fredholm operators, and b: TL- — > TL+ 
and c: TL+ — > TL— are Hilbert- Schmidt operators. 

We have the following fact. 

Proposition 7.1.2. The map GL 10S (7i) — > T: A i— > a is a homotopy equivalence. 



U = \_\U a TZ= □ U a nUp (a, 0)^(0, a) 



(«,/3) 



TL = TL+ TL 




Therefore K(M) = [M, GL res (W)]. 
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Consider a gerbe C with characteristic class a as a map M — > 7?5U(1) = 
£?PU(7i), then we get a Hilbert projective bundle Z a (M) — > M. Then we form a 
GL ros (7i)-principal bundle over M as follows. We know H that polarized Hilbert 
bundles over M are classified by its characteristic class in K 1 (M), for in view of the 
Bott periodicity theorem such bundles are classified by maps M — » 73GL res (7^) = 
BBU = U, namely by elements in K 1 (M). This produces the desired map Gb(M) = 
[M, BBU(1)] — > [Af, £7] = if 1 (Af). In several applications it is easier to start de- 
tecting gerbes by means of their image under this map (in the smooth case, the 
relation to gerbes and quantum field theory of the GL ros (7i)-bundles can be found 
in §). 

7.2. The twisted theory. In this section we are going to "twist" vector bundles 
via gerbes. So for 72 =4 U groupoid associated to the orbifold X and C a gerbe over 
72 

Definition 7.2.1. An n-dimensional £-twisted bundle over 72 =4 U is a groupoid 
extension of it, 72 x C" zjHx C™ and a function p : 72 — * GL„(C) such that 

i *P = P~ 1 & (tt*p) ° (^p) ° {{i™)*p) = 9 C ■ W G l„(c) 

where 6>£ : 72 x 72 ^ U(l) is the trivialization of triple intersection (7r*£ • 7rJ£ • 

9c. 

(im)*£) = 1, /c?gl„(c) is the identity of GL„(C) and the functions s,t,e,i,rh are 
defined in the same way as for bundles. 

We have the following equivalent definition. 

Proposition 7.2.2. To have an n-dimensional C-twisted bundle over 1Z =4 U is 
the same thing as to have a vector bundle E — > U together with a given isomorphism 

C®t*E = s*E 
Notice that we then have a canonical isomorphism 

m*£ <g> -K* 2 t*E ~ 7^£ <g> tt* 2 £ <g> 7T2**£? = tt^£ <g) 7r^(£ <g> t*J5) ^ vrjr <g> tt|s*£ 

We can define the corresponding Whitney sum of £-twisted bundles, so for and 
n-dimensional £-twisted bundle with function p\ : 7Z — > GL„(C) and for an Tri- 
dimensional one with p 2 : 72. — » GL m (C), we can define a groupoid extension 
72 x C n+m =4 W x C ,l+m with function p : 72 -> GL„ +m (C) such that: 



p(<?) = 



Pi (.9) 











G GL„ +m (C) 



Definition 7.2.3. The Grothendieck group generated by the isomorphism classes 
of £ twisted bundles over the orbifold X together with the addition operation just 
defined is called the £ twisted if -theory of X and is denoted by c K gp a(X). 

Moerdijk and Pronk p3 proved that the isomorphism classes of orbifolds are 
in 1-1 correspondence with the classes of etale, proper groupoids up to Morita 
equivalence. The following is a direct consequence of the definitions. 

Lemma 7.2.4. The construction of c K gp( i(X) is independent of the groupoid that 
is associated to X 



Similarly as we did with bundles over groupoids in lemma 5.1.4, we can determine 
when two £-twisted bundles are isomorphic 



2,x 
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Proposition 7.2.5. An isomorphism of C-twisted bundles overlZ =4 U (with maps 
Pi : TZ — > GL„(C) for i = 1,2) is determined by a map 6 : TZ — > GL„(C) such that 

RxC" KxC" MxC" ^ U xC n 

(r,0 -» M(r)0 -» (u,«(e(u))0 

satisfying 6(i(r))pi(r) = p 2 {r)5{r) and 5{r) — 8(es(rj). 

Proof. The proof is the same as in lemma 5.1. 4| . For (r, r 1 ) <ETZ tX s TZ we get: 
#£^gl„(c) = Pi(im(r,r'))pi(r')pi(r) 

6(m(r, r'))~ x p 2 (im(r, r'))S(im(r, r')) 

'S( t (r'))- 1 p 2 (r l )5(r'))(S( t (r))- 1 p 2 (r)S(r] 



S(m(r, r')) 1 (p2(m(r, r'))p 2 (r')p2(rfjS(r) 
^(m(r,r'))- 1 (e £ jd GL , i(C ))<5(r) 



?£^GL„(C) 



□ 



Using the group structure of Gb(lZ =$ U) we can define a product between bundles 
twisted by different gerbes, so for C\ and C 2 gerbes over X 

Cl K gpd (X) ® £2 ^ gpd (X) -> £l ^ £2 if gP d(^) 
(TZ x C™, pi) (TZ x C m , p 2 ) h-> (TZ x C mn , Pl ® pi)) 
which is well defined because 

(im)*(p 1 eg) p 2 ) o ti-2 (Pi ® P2) o 7T*(/0i <g> pi) 

= ({im)*(d eg) C 2 ) ■ 7r|(A ® £2) ■ x*(Ci ® £2) • W G L m „(c) 

= ^Ci®£ 2 ^GL„ m (C) 

= ^i^GL„(C)®^ 2 WgL,„(C) 

= (((im)*£ x • tt^i • 7r*£i) • i"d G L„(c)) ® (((im)*£ 2 • ^2^2 ■ 7r*£ 2 ) ■ ^GL m (C)) 
= {{{im)*pi) o (irZpx) o (vr^pi)) ® (((im)*p 2 ) ° O2P2) ° O1P2)) 
and we can define the total twisted orbifold if -theory of X as 
TK epd (X) = £ ^ gpd (X) 

£eGb(7?.=tW) 

This has a ring structure due to the following proposition. 

Proposition 7.2.6. The twisted groups c K gpd (G) satisfy the following properties: 

1. If (C) = then c K gpd (G) = K gpd (G) in particular if Q represent the orbifold 
X then c K gpd (G) = K oth {X). 

2. c K gpd (G) is a module over K gpd (G) 

3. If £1 and C 2 are two gerbes over Q then there is a homomorphism 

C2 K epd (G) ® C2 K epd (G) — » Cl ® C2 K spd (G) 

4. If ip : G\ — > G2 is a groupoid homomorphism then there is an induced homo- 
morphism 

c K epd (G 2 ) — rc Ks Pd (Gi) 
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Example 7.2.7. In the case when Y is the orbifold universal cover of X with 
orbifold fundamental group ir° rb (X) = H, we can take a discrete torsion a S 
H 2 (H, U(l)) and define the twisted X-theory of X as in Definition 2.3.3. Let's 



associate to X the groupoid constructed in example 5.1.8; we want to construct 
a gerbe C over TZy x H =t Uy so that the twisted c K gp d(X) is the same as the 
twisted a K^(X) of section |2.3| (we added the upperscipts AR to denote that is 
the twisted K theory defined by A. Adem and Y. Ruan). 
The discrete torsion a defines a central extension of H 



1 — > U(l) — > H — > H — ► 1 



and doing the cartesian product with TZy we get a line bundle 



U(l) 



C a = Ky x H 

I 

TZy xH 



which, by lemma 3.1.4 and the fact that the line bundle structure comes from 
the lifting of H, becomes a gerbe over IZy x H =4 Uy ■ Clearly this gerbe only 
depends on the one defined in lemma 3.1.4 for the group H. For E — > X an a- 
twisted bundle over Y, an element of a K^(X), comes with an action of H in 
E such that it lifts the one of H in Y; choosing specific lifts h,g £ H for every 
h,g e H, and e e E, we have g(h(e)) = a(g,h)gh(e). As E is a bundle over Y, 
it defined by a map p : TZy — ► GL„(C), and for h € H, it defines an isomorphism 

KyxC"iKyx C", with rjh :K Y ^ GL„(C) such that (r,£) ^ {hr,r) h {r)£). 
The £ Q -twisted bundle over 7?.y x i? =4 that J5 determines, is given by the 
groupoid TZy x H x C™ =f x C n and the map 



5 : TZy x H 
(r,h) 



GL„(C) 
p(hr)r) h (r) 



Because h is an isomorphism of groupoids TZy x C™ — * TZy x C™, it commutes with 
the source and target maps, and this in turns implies that for h G H and r € TZy 
we have r]h(r) = r)h(ey (sy (r))) and Tjh{r)p(r) = p(hr)r)h(r) . In order to prove that 
this bundle is £ a -twisted it is enough to check that the multiplication satisfies the 
specified conditions. 

We will make use of the following diagram in the calculation 




where the r's, v's and w's belong to TZy, the x's, y's and z's belong to Uy and 
h, j G H. We have that my(r, v) — w and 

m((r,h),(v',j)) = (m(r,v),jh) = (w,jh). 



:!() 
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Also 

S(v',j)5(r,h) = p(jv')f] 3 (v)p(hr)n h (r) 
= Vj{v')p(v')p{r')r) h (r) 
= Vj{v')p(w')vh{r) 
= Jij(v')p(hw)ri h (w) 
= Vj(v')Vh(w)p(w) 
= Vj(v')Vh(r)p{w) 
= a(j,h)r] jh (w)p(w) 
= a(j,h)6(w,jh) 

The fact that r]j(v')r]h(r) = a (j,h)r)jh(w) is precisely the fact that E is an a- 
twisted bundle. This proves that (TZy x H x C™ =4 Uy x C n ,S) is endowed with 
the structure of a C a -twisted bundle over TZy x H ^ Wy. 

Conversely, if we have the /^-twisted bundle, it is clear how to obtain the maps 
p and r\h. From the previous construction we can see that when h = idn, the map 
5 determines p (i.e. 8{r,ids) = p(r))\ hence rjh(r) = S(r,h)p(hr)^ 1 . Thus we can 
conclude, 

Theorem 7.2.8. In the above example c "K gpd (X) = a K^(X) 

From |3.1.l] , |J and |6.2.2| we have 

Proposition 7.2.9. If X is a smooth manifold and the characteristic class of the 
gerbe C is the torsion element [H] in H (M, Z) then 

c K epd (X) = K [H] (X) 
It remains to v erify that the twisting K gpd (X) coincides with the twisting 



K a (X) defined by |2.4.2 



Proposition 7.2.10. Whenever a = (£) is a torsion class and X = M is a smooth 
manifold then c K gvt \(M) = K a (M). 

Proof. We will use the following facts. 

Theorem 7.2.11 (Serre jn)). Let M be a CW-complex. If a class a S H 3 (M,Z) 
is a torsion element then there exists a principal bundle Z — > M with structure 
group PU(n) so that when seen as an element (3 € [M, BP\J(n)] — > [M, BPU] = 
[M,BB\]{1)\ = [M, BK(Z, 2)] = [M,K(Z,S)] = H 3 {M,Z) then a = (3. In other 
words, the image of [M , BPU(n)] — > H 3 (M,Z) is exactly the subgroup of torsion 
elements. 



Theorem 7.2.12 (Segal ]3^]). Let H be a G-Hilbert space in which every irre- 
ducible representation of G appears infinitely many times. Then the equivariant 
index map 

md G :[Z,T] G ^K G (Z), 
is an isomorphism (where G acts on T by conjugation.) 

Lemma 7.2.13. Let X = Z/G be an orbifold where the Lie group G acts on Z. 
Let a £ H 2 (G, U(l)) define a group extension 1 — > U(l) — > G —> G — > 1. Consider 
the natural homomorphism ip: K G (Z) — » Kq(G) = i?(U(l)) - it can also be seen 
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as the composition of K d (Z) -> K 6 (*) S R(G) -> i?(U(l)). Le£ A : U(l) -> U(n) 
&e tte diagonal embedding representation. Then 



Proof. The orbifold X is represented by the groupoid Q = [Z x G =$ Z), while the 
gcrbc C a is represented by the central extension of groupoids ( proposition 6.1.2 ) 



where Q = {Z x G =3 Z). Therefore, using the fact that if gpd (U(l)) = R(U(1)) we 
get the surjective map 

K spd (§) - fl(U(l)), 

using 7.2.1 and observing that if gp d(^) = Kq(Z) we get the result. □ 

Let us consider in the previous lemma the situation where X = M is smooth, Z 
is Serre's principal PU(n)-bundle associated to a = (C), G = PU(n) and (3 is the 
class in H 2 (P\j(n), U(l)) labeling the extension 

1 -» U(l) -» U(n) -> PU(n) 1. 

Then using Theorem [7.2.^ and |7.2.12| we get that 

c K epd (Z/G) = f3 K^(Z/G) = ^-\A) C tf u(n) (Z) = [Z,^] u( „ } . 



Notice that by 2.4.2| K a {M) is defined as the homotopy classes of sections of the 
bundle T a = Z Xpu( n ) J~ . This space of sections can readily be identified with the 
space [Z, J^oIpvm an d the proposition follows from this. □ 

We should point out here that the theory so far described is essentially empty 
whenever the characteristic class (C) is a non- torsion element in H 3 (M, Z) . The 
following is true. 

Proposition 7.2.14. If there is an n-dimensional C-twisted bundle over the groupoid 
G then (£)" = 1. 

Proof. Consider the equations, 

i*p = p~ 1 & (7pj» o (vrgp) o {(im)*p) = 6c ■ ^gl„(c) 
and take determinants in both equations, we get 

i* det p = det p" 1 & (71-* det p) o (7r| det p) o ((im)* det p) = dct 6c • Mgl„(c) 
defining / = det p we have 

i*f = r l & «/) o i-Klf) o ((im)*/) = Oc 
this means that the coboundary of / is 6 n . This concludes the proof. □ 

Another way to think of this is by noticing that if we restrict the central extension 

1 -> U(l) -► U(n) -> PU(n) -► 1 

to the subgroup SU(n) we get the n-fold covering map 

1 -> Z„ -► S*U(n) -► PU(n) -► 1 

where the kernel Z„ is the group of n-roots of unity. 

In any case we need to consider a more general definition when the class (£} is 
a non-torsion class. 



32 



ERNESTO LUPERCIO AND BERNARDO URIBE 



An obvious generalization of 2.4.2 would be to consider the class of the gerbe 
a = (£) S H 3 (Bg,Z) and consider K a (BQ) in the sense of |2.4.2|. This works well 



for a manifold, but unfortunately for a finite group and the trivial gerbe a = 1 we 
have that K a (BG) = i?(G)~ and not R(G) as we should have (this is exactly the 
problem we encountered in the last section with [BG, T(TL)\). 

Fortunately one of the several equivalent definitions of Q can be carefully gen- 
eralized to serve our purposes. To motivate this definition consider the following 
situation. 

Suppose first that the class a = (C) E H 3 (BQ , Z) is a torsion class. Take any 
a-twisted vector bundle p so that 

i*P = P^ 1 & (tt*p) ° (ti"2 P) ° (( im )*P) = 6c ■ Id\]( n ) 

and let j3: Q — > PU(n) be the projectivization of p: Q — > U(n). Then /3 is a frcma 
/ide groupoid homomorphism, in other words 

i*/3 = /T 1 & (ttJ/3) o (ttS/S) o {{irnfp) = Jd PU(n) 

as equations in PU(n). Then a as a map — * BPU(7i) is simply obtained as 
the realization of the composition of j3: Q — * PU(n) with the natural inclusion 
PU(n) PU(7i). Fix now and for all a po and a /3o constructed in this way. 

Define the semidirect product U(n)xPU(n) as the group whose elements are the 
pairs (S, T) where S E U(n) and T € PU(n) with multiplication 

(Si.Tx) • (S 2 ,T 2 ) = (S 1 T 1 S 2 T^\T 1 T 2 ). 

Consider the family of groupoid homomorphisms / ' : Q — > U(n)xPU(n) that 
make the following diagram commutative 




/ U(n)xPU(n) 



<I2 

PU(n) 



where gi is the projection onto U(n) and (72 the projection onto PU(n). 

Given a homomorphism /: Q — > U(n)xPU(n) like above we can then write p = 
(91 /) ' Po and verify that p satisfies the conditions to define a twisted vector bundle 
over Q. Conversely given a twisted vector bundle p we can define a homomorphism 
/ by means of the formula 

f(g) = (p(g)po(g)-\l3o(g))- 

Therefore in the case of a torsion class a a homomorphism /: Q — * U(n)xPU(n) 
so that qif = /3o is another way of encoding a twisted vector bundle. 

In the case of a non-torsion class a we need to consider infinite dimensional 
vector spaces. So we let JC be the space of compact operators of a Hilbert space 7i. 
Let us write U^; to denote the subgroup of \J(H) consisting of unitary operators 
of the form I + K where I is the identity operator and K is in K,. If h € PU(7i) 
and g E XJ/c then hghr 1 E V>k and therefore we can define UjcxPU(7i). We can 
define now the if -theory for an orbifold X given by Q twisted by a gerbe C with 
non-torsion class a: Q — > PU(QH) (cf. |6.2.5 ). 
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Definition 7.2.15. The set of isomorphism classes of groupoid homomorphisms 
f:Q—> UK;xPU(7i) that make the following diagram commutative 

f \J K xPV(H) 




PU(W) 

is c K gp d(g) the groupoid if -theory of Q twisted by C. 

This definition works for a gerbe whose class is non-torsion and has the obvious 



naturality conditions. In particular it becomes |2.4.2| if the groupoid represents 
a smooth manifold. The discussion immediately before the definition shows that 
this definition generalizes the one given before for K gp dQ when (£) was torsion. 
Proposition 7.2.6| rem ains v alid. 



In view of theorem 6.3.2 and theorem 7.2.8 we can reformulate theorem [2.3.2 as 
follows. 

Theorem 7.2.16. Let X be a Leray groupoid representing an orbifold X/T with T 
finite , C a gerbe over X coming from discrete torsion, and let A be the holonomy 



inner local system defined in 6.3.1. Then 



C K gpd (X)®C^H* orb ^ A (X;C) 

It is natural to conjecture that the previous theorem remains true even in the 
gerbe C is arbitrary and X is any proper etale groupoid. We will revisit this issue 
elsewhere. 

The following astonishing result of Freed, Hopkins and Teleman can be written 
in terms of the twisting described in this section. For more on this see |l8| . 

Example 7.2.17. jl^] Let G be connected, simply connected and simple. Consider 
the groupoid Q = (G x G =4 G) where G is acting on G by conjugation. Let h be 
the dual Coxeter number of G. Let C be the gerbe over Q with characteristic class 
dim(G) + k + h&H%{G). Then 

c K gpd (G) - V k {G) 

where Vk(G) is the Verlinde algebra at level k of G. 

7.3. Murray's bundle gerbes. The theory described in the previous sections is 
interesting even in the case in which the orbifold X is actually a smooth manifold 
M = X. In this case M. Murray et. al. ^(J [I] have recently proposed a way to 
interpret the twisted if-theory L K{M) in terms of bundle gerbes. Bundle gerbes 
are geometric objects constructed on M that give a concrete model for a gerbe over 
M |25j . The purpose of this section is to explain how the theory of bundle gerbes 
can be understood in terms of groupoids. 

Definition 7.3.1. A bundle gerbe over M is a pair (L,Y) where Y M is a 
surjective submersion and L — — > Y ^ x n Y = is a line bundle satisfying 



L (y,y) — C 



• L (yi,V2) ~ L *(v2,Vi) 

We start the translation to the groupoid language with the following definition. 
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Definition 7.3.2. Given a manifold M and a surjective submersion Y — > 
define the groupoid Q(Y, M) = (K=tU) by 

• TZ = y [2] =Y w x„Y 

• U = Y 

• s = p! : Y PI ->y, s(y ll y 2 ) = yi and i = p 2 : ^ [2] -> ^, %i , #2) = 2/2 

• m({y 1 ,y 2 ),{y2,y3)) = (yi,V3.) 



M we 



From Definition 



6.1.1 we immediately obtain the following. 



Proposition 7.3.3. A bundle gerbe (L,Y) over M is the same as a gerbe over the 
groupoid G(Y, M). 

We will write C(L, Y) to denote the gerbe over Q(Y, M) associated to the bundle 
gerbe (L,Y). Notice that the groupoid Q(Y,M) is not necessarily etale, but it 
is Morita equivalent to an etale groupoid. Let A4(M,U a ) be the etale groupoid 



associated to a cover {U a } of M as in 4.1.1 



Proposition 7.3.4. The groupoid Q{Y : M) is Morita equivalent to M,{M,U a ) for 
any open cover {U a } of M . 

Proof. Since all groupoids A4(M, U a ) are Morita equivalent (for any two open cov- 
ers have a common refinement,) it is enough to consider the groupoid M(M, M) = 
(M =$ M) coming from the cover consisting of one open set. The source and target 
maps of M.(M, M) are both identity maps. Then the proposition follows from the 
fact that the following diagram is a fibered square 



y[2] 
( S ,t) 



M 



TT X7T 

Y xY ^ M x M 



□ 



Corollary 7.3.5. The group of bundle gerbes over M is isomorphic to the group 
Gb{AA{M,U a )) for the Leray groupoid M(M,U a ) representing M. In particular 
there is a bundle gerbe in every Morita equivalence class of gerbes over M . 

Murray |^6| defines a characteristic class for a bundle gerbe (L, Y) over M as 
follows. 

Definition 7.3.6. The Dixmier-Douady class of d(P) = d(P, Y) € H 3 (M, Z) is de- 
fined as follows. Choose a Leray open cover {U a } of M. Choose sections s a : U a — > 
Y, inducing (s Q ,s,g): U a n Up — > Y^. Choose sections a a p of (s Q , s / g)~ 1 (P) over 
U a n Up. Define g a p 7 : UaDUpDU^ -> C x by 

Then d{L) = [g a p 7 ] e H 2 {M, C x ) = H 3 (M, Z). 

Then in view of propositions |6.2.2| and |6.2.3 we have the following. 



Proposition 7.3.7. The Dixmier-Douady class d(L,Y) is equal to the character- 



realizes the isomorphism of 7.3.5 



istic class (C(L,Y)) defined above 6.2. 1. Moreover the assignment (L,Y) <— > g a /3j 
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Definition 7.3.8. [^6| A bundle gerbe (L, Y) is said to be trivial whenever d(L, Y) = 
0. Two bundle gerbes (P,Y) and (Q,Z) are called stably isomorphic if there are 
trivial bundle gerbes T\ and T 2 such that 

P®T X ~ Q(g>T 2 . 

The following is an easy consequence of |3.2. 2 , 6.2.3 and |7.3.7| . 



Lemma 7.3.9. The Dixmier-Douady class is a homomorphism from the group of 
bundle gerbes over M with the operation of tensor product, and H 3 (M, Z) 

Corollary 7.3.10. Two bundle gerbes {P,Y) and (Q,Z) are stably isomorphic if 
and only if d(P) — d(Q) 

Proof. Suppose that (P,Y) and (Q,Z) are stably isomorphic. Then P ® T\ ~ 
Q®T 2 ; hence d(P (8 T%) = d(Q ® Ta). Therefore from the previous lemma we have 
d(P) + d(Ti) = d{Q) + d(T 2 ) and by definition of trivial we get d(P) = d(Q). 

Conversely if d{P) = d(Q) then d(P®Q*) = and then by definition T 2 = P®Q* 
is trivial. Define the trivial bundle gerbe T x = Q* (g) Q. Then P <g> T x ~ Q T 2 
completing the proof. □ 



Given a bundle gerbe (L, F) over M we will write Q(L, Y, M) to denote the U(l) 
central groupoid extension of Q(Y, M) defined by the associated gerbe, where 



1 -» U(l) -> G{L, Y, M) -» 5(F, M) -> 1. 

As we have explained before such extensions are classified by their class in the 
cohomology group H 3 (BG(Y, M), Z) = H 3 (M 7 Z). As a consequence of this and 
7.3. 5| we have. 



Theorem 7.3.11. Two bundle gerbes (P,Y) and (Q,Z) are stably isomorphic if 
and only ifQ(P, Y, M) is Morita equivalent to G(Q, Z, M). Therefore there is a one- 
to-one correspondence between stably isomorphism classes of bundle gerbes over M 
and classes in H (M, Z). The category of bundle gerbes over M with stable iso- 
morphisms is equivalent to the category of gerbes over M with Morita equivalences. 

Definition 7.3.12. Let (L,Y) be a bundle gerbe over M. We call (E, L, Y, M) a 
bundle gerbe module if 

• E — > Y is a hermitian vector bundle over Y 

• We are given an isomorphism <\>: L !g> 7rf E k^E. 

• The compositions L( yi y2 ) ® (L( y2 y3 ) ® ^j/ 3 ) — ► w ) ® E V2 — > and 

j/i,j/2) ® ^(1/2,3/3)) ® ^3 ~~ > L( yiiV3 ) ® -E a3 — > coincide. 
In this case we also say that the bundle gerbe (L, Y) acts on E. The bundle gerbe K- 
theory K\, S (M, L) is defined as the Grothendieck group associated to the semigroup 
of bundle gerbe modules (E, L, Y 7 M) for [L, Y, M) fixed. 

As a consequence of 7.3. ll| and 7.2.2 we have the following fact. 



Theorem 7.3.13. The category of bundle gerbe modules over (L,Y) is equivalent 
to the category of C{L,Y) -twisted vector bundles over Q(Y,M). Moreover we have 

C K gpd (G(Y 1 M)) = K hg (M,L) 

Corollary 7.3.14. If the gerbe C has a torsion class [H] then 

K [H] (M)=K bs (M,L). 
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8. Appendix: Stacks, gerbes and groupoids. 

We mentioned at the beginning of Section |] that a stack X is a space whose points 
can carry a "group valued" multiplicity, and that they are studied by studying the 
family {Hom(S', X)}s where S runs through all possible spaces (or schemes). In 
fact by Yoneda's Lemma, as is well known, even when X is an ordinary space that 
knowing everything for the functor Hom(., X) is the same thing as knowing every- 
thing about X. A stack is a category fibered by groupoids where Cs = Hom(5, X) 
with an additional sheaf condition. 

A very unfortunate confusion of terminologies occurs here. The word groupoid 
has two very standard meanings. One has been used along all the previous sections 
of this paper. But now we need the second meaning, namely a groupoid is a category 
where all morphisms have inverses. In this Appendix we use the word groupoid with 
both meanings and we hope that the context is enough to avoid confusion. Both 
concepts are, of course, very related. 

8.1. Categories fibered by groupoids. Let C,5 be a pair of categories and 
p : iS — * C a functor. For each U G 06(C) we denote Su = p _1 (C7). 

Definition 8.1.1. The category S is fibered by groupoids over C if 

• For all <j) '■ U — » V in C and y G Ob(Sv) there is a morphism / 
with p(f) = 4> 

• For all ip : V -> W, <$> : U -> W, x ■ U ->■ V, f : x -> y and g 
<j) = tp o Xi p(f) — <t> an d p{g) — ip there is a unique h : x — 
f = goh and p(h) = \ 

f 



x — > y in S 

y — » z with 
z such that 




The conditions imply that the existence of the morphism / : x — * y is unique up 
to canonical isomorphism. Then for (f> : U V and y G Ob(Sv), f ■ X — > y has 
been chosen; x will be written as (jfy and <jf is a functor from Sy to Sjj. 

8.2. Sheaves of Categories. 

Definition 8.2.1. A Grothendieck Topology (G.T.) over a category C is a pre- 
scription of coverings {U a — * U} a such that: 

• {U a -> U} a & {U a( 3 -> U a }f3 implies {U a( 3 -> U} a p 

• {U a -> U} a & V -> U implies {U a x v V -► V} a 

• V U isomorphism, implies {V — * U} 

A category with a Grothendieck Topology is called a Site. 



Example 8.2.2. C 

U = \J a im(U a ). 



Top, {U a — > U} a if U a is homeomorphic to its image and 
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Definition 8.2.3. A Sheaf T over a site C is a functor jr.J 7 — > C such that 

• For all S € 06(C), x G 06^) and / : T -> S G Mor(C) there exists a 
unique : y — > x G Mor{T) such that p($) = / 

• For every cover {5q, — * S , } Q , the following sequence is exact 



XsSf3 



Definition 8.2.4. A Stack in groupoids over C is a functor p : 5 — * C such that 

• iS is fibered in groupoids over C 

• For any U G Ob(C) and x,j/ G Ob(Su), the functor 

U -► Seis 

(f> : V ^ U Hom{4>*x, 4>*y) 

is a sheaf. (06(U) = {(5,x)|S € Ob(C), X G ffom(S, £/)}) 

• If <^>j : Vi — ► J7 is a covering family in C, any descent datum relative to the 
(pi's, for objects in 5, is effective. 

Example 8.2.5. For A a G-set (provided with a G action over it) let C = Top, 
the category of topological spaces, and S = [X/G] the category defined as follows: 

Ob([X/G]) s = {f:E s ^X} 

the set of all G-equivariant maps from principal G-bundles E$ over S G Ob(Top), 
and 

Mor([X/G\) C Hom BG (Es,E' s ) 

given by 



-Bs^ ^Sx s > E s , 



(projj) 



lx/' 



S xX* x X 



With the functor 



p:[A/G] -> Top 

By definition [A/G] is a category fibered by groupoids, and if the group G is 
finite [A/G] is a stack. 

8.3. Gerbes as Stacks. For simplicity we will start with a smooth A and we will 
consider a Grothendieck topology on A induced by the ordinary topology on X 
as in 8.2.2. We will follow Brylinski || very closely. The following definition is 
essentially due to Giraud |l3| ]. 

Definition 8.3.1. A gerbe over A is a sheaf of categories C on A so that 

• The category Cjj is a groupoid for every open U. 

• Any two objects Q and 0/ of Cjj are locally isomorphic, namely for every 
x G X there is a neighborhood of x where they are isomorphic. 

• Every point x G A has a neighborhood U so that is non-empty. 



:!8 
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We will require our gerbes to have as band the sheaf A — C* over X. This means 
that for every open U C X and for every object Q € Cjj there is an isomorphism 
of sheaves a: Aut(Q) — > Au, compatible with restrictions and commuting with 
morphisms of C. Here Aut (Q)|v is the group of automorphisms of P\v- 

The relation of this definition to the one we have used is given by the following 

Proposition 8.3.2. To have a gerbe in terms of data (Cop) &s i n 3.1 is the same 
thing as to have a gerbe with band C* as a sheaf of categories. 



Proof. Starting with the data in 3.1 we will construct the category Cy for a small 
open set U . Since U is small we can trivialize the gerbe £\u- The objects of Cjj are 
the set of all possible trivializations (f a p) with the obvious morphisms. 

Conversely suppose that you are given a gerbe as a sheaf of categories. Then 
we construct a cocycle c aj a 7 as in || Prop. 5.2.8]. We take an object Q S Cu a 
and an automorphisms Uap: Qa\u ae — * Qp\u a p and define h a p-y = u^Uapup-y S 
Aut(P 7 ) = C* producing a Cech cocycle giving us the necessary data to construct 



a gerbe as in 3.1. □ 



8.4. Orbifolds as Stacks. Now we can define the stack associated to an orbifold. 
Let X be an orbifold with {(V p , G p , Tr p )} p ex as orbifold structure. Let C be the 
category of all open subsets of X with the inclusions as morphisms and for U C X, 
let Su be the category of all uniformizing systems of U such that they are equivalent 
for every q G U to the orbifold structure, in other words 

Su = {(W, H, r)|Vq e U, (V q , G q , ir q )k(W, H, r) are equivalent at q} 



By Lemma 2.1.3 and the definition of orbifold structure it is clear that the 
category S is fibered by groupoids. It is known, and this requires more work, that 
this system S — > C is also an stack, a Deligne-Mumford stack in the smooth case. 

8.5. Stacks as groupoids. The following theorem has not been used in this paper, 
but it is the underlying motivation for the approach that we have followed. 

Theorem 8.5.1. || Every Deligne-Mumford stack comes from an etale groupoid 
scheme. Moreover, there is a functor K 4 U h [TZ U] from the category of 
groupoids to the category of stacks inducing this realization. 

When s, t are smooth we can realize in a similar manner Artin stacks 

References 

1. A. Adem and Y. Ruan, Twisted orbifold K-theory, arXiv:math.AT/0107168, 2001. 

2. M. Atiyah, K-Theory Past and Present, arXiv:math.KT/0012213. 

3. K. Behrend, D. Edidin, B. Fantechi, W. Fulton, L. Gottsche, and A. Kresch, Introduction to 
stacks, in preparation. 

4. P. Bowknegt, A.L. Carey, V. Mathai, M.K. Murray, and D. Stevenson, Twisted K-theory and 
K-theory of bundle gerbes, arXiv:hep-th/0106194vl. 

5. J.-L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Progress in 
Mathematics, 107. Birkhuser Boston, Inc., Boston, MA, 1993. 

6. A. Carey and J. Mickelsson, The universal gerbe, dixmier-duoady class, and gauge theory, 
2001, To be publ. in Lett. Math. Phys. arXiv: hep-th/0107207. 

7. W. Chen, A homotopy theory of orbispaces, arXivmath.AT/0102020: (2001). 

8. W. Chen and Y. Ruan, Orbifold quantum cohomology, arXivimath. AG/0005198 (2000). 

9. R. L. Cohen, J. D. S. Jones, and G. B. Segal, Floer's infinite- dimensional Morse theory and 
homotopy theory, The Floer memorial volume, Birkhauser, Basel, 1995, pp. 297-325. 



GERBES OVER ORBIFOLDS AND K- THEORY 



39 



10. M. Crainic and I. Mocrdijk, A homology theory for etale groupoids, J. Reine Angew. Math. 
521 (2000), 25-46. 

11. P. Donovan and M. Karoubi, Graded Brauer groups and K-theory, IHES 38 (1970). 

12. D. Freed, The Verlinde algebra is twisted equivariant K-theory, arXiv:math.RT/0101038. 

13. J. Giraud, Cohomologie non abeliene, Springer- Verlag, 1971. 

14. A. Grothendicck, Dix exposes sur la cohomologie des schemas, Norht Holland, 1968. 

15. N. Hitchin, Lectures notes on special Lagrangian submanifolds, arXiv:math.DG/9907034 
(1999). 

16. E. Lupcrcio and B. Uribc, Deligne cohomology for orbifolds, discrete torsion and b-fields, 
arXiv:hcp-th /0201184. 

17. , Deligne cohomology of etale groupoids, In preparation. 

18. , Loop groupoids, gerbes and twisted sectors on orbifolds, To appear in the Proceedings 

of the Orbifold String Theory conference 2001, arXiv:math.AT/0110207. 

19. P. May, Simplicial objects in algebraic topology; Van Nostrand mathematical studies no. 11, 
D. Van Nostrand Co. Inc. Princeton N.J., 1967. 

20. I. Mocrdijk, Orbifolds as groupoids: an introduction, arXiv:DG/0203100. 

21. , Calssifying topos and foliations, Ann. Inst. Fourier 41 (1991), 189-209. 

22. , Proof of a conjecture of A. Haefliger, Topology 37 (1998), no. 4, 735-741. 

23. I. Mocrdijk and D. A. Pronk, Orbifolds, sheaves and groupoids, K-Theory 12 (1997), no. 1, 
3-21. 

24. , Simplicial cohomology of orbifolds, Indag. Math. (N.S.) 10 (1999), no. 2, 269-293. 

25. M.K. Murray, Bundle gerbes, J. London Math. Soc. 54 (1996), no. 2, 403-416. 

26. M.K. Murray and D. Stevenson, Bundle gerbes: Stable isomorphism and local theory, J. 
London Math. Soc. 62 (2000), no. 2, 925-937. 

27. A. Prcsslcy and G. Segal, Loop groups, The Clarendon Press Oxford University Press, New 
York, 1986, Oxford Science Publications. 

28. J. Rosenberg, Continuous trace C* -algebras from the bundle theoretic point of view, J. Aust. 
Math. Soc. A47 (1989). 

29. Y. Ruan, Stringy geometry and topology of orbifolds, arXiv:math.AG/0011149 (2000). 

30. I. Satakc, The Gauss - Bonet theorem for V -manifolds, J. Math. Soc. Japan 9 (1957), 464-492. 

31. G. Segal, Classifying spaces and spectral sequences, Inst. Hautes Etudes Sci. Publ. Math. 34 
(1968), 105-112. 

32. , Fredholm complexes, Quart. J. Math. Oxford Scr. (2) 21 (1970), 385-402. 

33. , Categories and cohomology theories, Topology 13 (1974), 292—312. 

34. W. Thurston, Three-dimensional geometry and topology, vol. 1., Princeton Mathematical 
Series, 35. Princeton University Press, Princeton, NJ, 1997. 

35. E. Wittcn, D-branes and K-theory, arXiv:hcp-th/9810188 v2 (1998). 

Department of Mathematics, University of Wisconsin at Madison, Madison, WI 53706 

Department of Mathematics, University of Wisconsin at Madison, Madison, WI 53706 
E-mail address: lupercioamath.wisc.edu, uribeamath.wisc.edu 



